Available online at www.sciencedirect.com

ScienceDirect

ELSE 00 (2024) 1-34

Periods of strongly connected multivariate digraphs'

Chengyang Qian?®, Yaokun Wu?, Yinfeng Zhu®

“School of Mathematical Sciences and MOE-LSC, Shanghai Jiao Tong University, Shanghai 200240, CHINA
b Institute of Natural Sciences and Mathematics, Ural Federal University, Ekaterinburg 620000, RUSSIA

Abstract

For any positive integer ¢, a t-variable digraph on a set K is a map f from K’ to K. As a qualitative counterpart of going from
Markov chains to higher-order Markov chains, Wu, Xu and Zhu suggested in 2017 a study of -variable digraphs, viewing usual
digraphs as 1-variable digraphs. Each strongly connected digraph has a period; this fact indeed extends to all strongly connected
t-variable digraphs. Let £S(f) denote the set of all periods of strongly connected ¢-variable digraphs, let g(¢) be its Frobenius
number, namely the largest nonnegative integer that is not a member of £S(#), and let n(¢) be its Sylvester number, namely the
number of positive integers outside of £S(f). We provide new estimates for g(f) and n(r). We also find that PS(r) N {1,2,...,41—1}
is {1,8} and {1} when 7 € {3,4} and ¢ > 5, respectively.

Keywords: cyclic decomposition, deflation set, diagonal position, discrete box, height, z-difference set
2000 MSC: 68R15, 05A18, 05B40, 05C45

Contents

1 Introduction 2
2 Lower bound of the Frobenius number: Deflation number 4
3 Lower bound of deflation number: Difference set and diagonal position 7
4 Upper bound of the Frobenius number: Rooted cyclic decomposition 10
5 Height 14
6 Two lemmas on diagonal positions 19
7 Possible periods < 4t — 1 of t-hydras 24
8 Further questions and remarks 31

!The authors declare that no funds, grants, or other support were received during the preparation of this manuscript.



/ 00 (2024) 1-34 2
1. Introduction

Let K be a set. A digraph D with vertex set K can be thought of as the map f from K to 2K such that, for every
vertex v of D, f(v) is equal to the set of out-neighbors of v in D. Let ¢ be a positive integer. One can then call any map
f from K" to 2X a r-variable digraph on its vertex set V; = K. Multivariate digraphs thus obtained, also referred to as
t-hydras, represent a generalization of hypergraphs and digraphs; see [WXZ17, p. 5]. Let f be a ¢-variable digraph
on K. We call f trivial provided f(v) = 0 for all v € K'. The Markov operator of f, denoted by M/, is the map from
(25) to (2%)" such that My(Ay,...,A) = (As, ..., A, Ugy.onen sooxa, fO1s - oov) for all Ay, ... A, € K [WXZL17,
p- 4]. Note that Markov operators of 7-variable digraphs are nothing but Boolean #-linear maps, which were proposed
by Wu, Xu and Zhu [WXZ16, § 3.2] as a model of a nonparametric version of order-r Markov chains. Let N stand
for the set of all positive integers and let Ny = N U {0}. For any integer k, we write [k] for the set of elements of N
that are not bigger than k, and we use (k) for the set of elements of Ny that are not bigger than k. For any v,u € K,
let RI¢(v, u) denote the set of n € Ny such that u € M;(v); we call each n € RI¢(v, u) a reachable index of f from v
to u. The t-variable digraph f is strongly connected whenever RI/(v,u) # 0 for all v,u € K'. The diameter of f is
the minimum number d € Ny such that for any v,u € K it holds RI;(v,u) N (d) # 0. The period of f is the greatest
common divisor of | J,ex RI¢(v,v). For every k € N, let P(k,t) stand for the set of all possible periods of strongly
connected nontrivial z-variable digraphs on a set of k elements. In the notation P(k, ), we may view k as the space
parameter and ¢ as the time parameter for the set of periods. Accordingly, let us adopt the notation £S(¢) and P7 (k)
for ey Pk, 1) and | J,ey P(k, 1), respectively.

Let p be a positive integer. We write Z/pZ for the finite ring of integers modulo p. Throughout the paper, we
use i + pZ to represent a residue class in Z/pZ while i + pN stands for the set {i + pj : j € N} C Z. An interval
in Z/pZ of length s € [p] is a set of the form {i + pZ,i+ 1 + pZ,...,i+s— 1+ pZ} € (Z/fz), which we denote by
[i + pZ,i+ s — 1 + pZ]. When s < p, we can tell from the underlying set of this interval its left endpoint i + pZ and
right endpoint i + s — 1 + pZ. When s = p, we have to read from its notation [i + pZ,i+ s — 1 + pZ] the two endpoints.
We mention that [1 + 5Z,5Z] = [2+ 57,1 + 57Z] = 7Z/5Z and that [3 + 5Z, 3 + 5Z] is a singleton set but not the whole
set Z/57Z. If we are clear from the context that we are working in Z/pZ, we may safely write [i + pZ,i+ s — 1 + pZ]
as [i,i + s — 1]. Let ® be a map defined on Z/pZ. For any i € Z/pZ, we often use ®; for ®(i). For any integer i, we
often simplify the notation @;, ,z to ®; when the parameter p is clear from the context. When / is an interval of Z/pZ
of length s with given left endpoint ¢ and right endpoint r, we often think of ®@; as the product set ®; X @, X - X D,
and refer to it as a ®-interval of length s. Note that in Z/57Z, we have [1 + 5Z,57] = [2 + 5Z, 1 + 57Z] surely; but for
any @ defined on Z/5Z, @1 57 = @) X - - - X s may not be equal to @y 1} = O, X --- X Og. For any I C Z, O, is often
used interchangeably with @y, ,z. In the same manner, when discussing a subset of Z/pZ, we may sometimes directly
write a subset S of Z to refer to {i + pZ : i € S} C Z/pZ, simply to simplify our notation. The cyclicity theorem for
digraphs claims that each digraph f with finite diameter and positive period p looks like a p-cycle, namely there is a
map Loc from V to Z/pZ and a positive integer M such that for all u,v € Vit holds RI¢(u,v) \ [M] =i + pN\ [M]
for the unique integer i € (p — 1) satisfying i + pZ = Loc(v) — Loc(u). Note that the period of a strongly connected
digraph is also named as its index of imprimitivity and a strongly connected digraph with period 1 is called a primitive
digraph [BRY1, § 3.4][Haw13, § 17.2]. It turns out that the cyclicity theorem extends to general t-hydras [WXZ17,
Theorem 10], which explains why the concept of periods of hydras is fundamental for a study of multivariate graph
theory.

Definition 1.1 (Cyclic decomposition [WXZ17, Section 3]). Let#,p € N, let K be a set and let X be a subset of K'.
A cyclic decomposition of (X, K, ¢) with period p is a map ® from Z/pZ to 2K \ 0 such that @; =11 = [ieg-1y @jsis
J € [p], is a partition of X. We refer to ¢ as the order of the cyclic decomposition ®@. A cyclic decomposition of (X, K, f)
is discrete if its period is |X|. Let U stand for the set of triples (p, |K], ) such that there is a cyclic decomposition of
(K', K, t) with period p.

Theorem 1.2 ((WXZ17, Theorem 13]). For any nonempty set K and any p,t € N, it holds (p, |K|,t) € U if and only
if there exists a strongly connected nontrivial t-variable digraph on the vertex set K with period p. Especially, for any
(p, k,t) € N3, it holds p € P(k,t) if and only if (p, k, 1) € U.

Example 1.3 ((WXZ17, p. 16]). It holds that 8 € P(2,4) C PS(4). Indeed, the map @ from Z/8Z to 211 \ O given
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below is a cyclic decomposition of (1214, 121, 4):

(), ifi=1,2,4,
O ={{2), ifi=5,68,
(1,2}, ifi=3,7.

Note that this construction also appears in [CKMS17a, § 5] and [CKMS17b, § 2.3]. Some more interesting facts about
this construction @ will be revealed in Example 8.6.

So far, we have briefly illustrated how our investigation into multivariate graph theory leads us to the study of
cyclic decomposition [WXZ17]. Let us demonstrate in Theorem 1.4 some simple sample results from [WXZ17].
Both the Sylvester number and the Frobenius number are important parameters for numerical semigroups, which are
subsets of the set of positive integers with some structural constraints [ADGS20, BCDF20, RGS09]. We can extend
their definitions for general subsets of N here. For each set M C N, the Sylvester number of M, denoted by ny, is
the size of N \ M, and the Frobenius number of M, denoted by g,,, is defined to be max Ny \ M. When ny, = oo, we
surely use the convention that g,, = co. We mention that different authors may have different conventions and some
may refer to g,, +1 as the Frobenius-Schur index of M [BRI1, p. 72]. It is clear that nps(1) = gpg(1y = 0.

Theorem 1.4. (a) [WXZI7, Theorem 15] gps() < oo forall t € N.
(b) [WXZI17, Proposition 16] It holds for every integer t > 2 that PS(t) N [2,2t — 1] = 0, and so gpg,) > 2t — 1.
(c) [WXZ17, Theorem 22] We have PS(2) = N\ {2,3,5,6,7}. Henceforth, npspy = 5 and gpsoy = 7-

It is time to introduce the new results to be established in this paper. Theorems 1.5 and 1.6 improve our earlier
work in [WXZ17, Proposition 18] and even the relevant result announced in [WXZ17, p. 15]. We report Theorem 1.7
and Corollary 1.8 as quantitative counterparts of Theorem 1.4 (a). In 2017 we were only attempting to calculate
PS(t) N [3t — 2] [WXZ17, p. 15]. By a complete reexamination of our long reasoning chain constructed in 2017, we
can now present Theorem 1.9 and its slightly more streamlined proof.

Theorem 1.5. Lett > 2 be an integer. Then {2' — 1,2 =2,...,2" = | 5[} \ PS(?) # 0. Henceforth, gpsi = 2' = L%J.
Theorem 1.6.  (a) For every integer t > 2, it holds [2,21 V21 — 1] n PS(1) = 0.

(b) For every integer t > 4 and every p € PS(t) \ {1} with t { p, it holds p > 202V,

(c) It holds npsy > %(ZFZ‘M - 2[\@]) + 2[@] — 2 for all integers t > 2.

Theorem 1.7. Let t € N and let k be the minimum integer satisfying k > 3 and ged(t,3'-2, ..., k'—=(k—1)") = ged(z, 3"
2,412, K =27 = 1. Then (1— (k' = (k= 1) = 1)+3'+No € PS(1), namely gy, < (1= DK = (k=1) = 1) +3'~ 1.

Corollary 1.8. Lett > 2 be an integer and let k be its largest prime factor. Then,

. < t-DE"-2"-1+3 -1, ift is a prime or a power of 2,
PSO =V t= Dk = k=1 = 1)+3 =1, else.

(3], ift=1,

1,4}, ift=2,
Theorem 1.9. It holds for each t € N that PS(t) N [4t — 1] = t4) lf

(1,8}, ift=3.,4,

{1}, ift >5.

The remainder of the paper is organized as follows. In Section 2 we define deflation numbers and then make
use of an ingenious idea of Alon et al. [ABHKO02, Theorem 1] to get a lower bound estimate of periods in terms of
deflation numbers. Section 3 presents the concepts of ¢-difference set and diagonal positions. By looking into diagonal
positions, we can establish a lower bound estimate of deflation numbers via our estimate of the minimum size of a
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t-difference set. This work, along with the work in Section 2 enables us to prove Theorems 1.5 and 1.6 in Section 3.
We next turn to upper bounds of Frobenius numbers, and thus we need to design cyclic decompositions. Our main
tool will be so-called rooted cyclic decomposition and we shall prove Theorem 1.7 and Corollary 1.8 in Section 4.
We introduce the idea of height and obtain some basic properties of it in Section 5. Section 6 prepares two technical
results on diagonal positions. As a touchstone for all our tools developed so far for understanding the periods of
hydras, we determine in Section 7 all possible periods < 4¢ — 1 of ¢-hydras, namely we deduce Theorem 1.9 there. We
conclude this paper with some further questions and remarks in Section 8.

Remark 1.10. This work, mostly done in 2017, aims to further our research in [WXZ17] on determining the structure
of PS(t), namely the periods of t-hydras. We should mention that the term ‘period’ is also used in a way quite
different from what we discuss in this paper; the same term may refer to some countable class of complex numbers
defined by algebraic integrals, which has been widely studied in mathematics and physics [KZ01]. On the other hand,
we have recently noticed that the active study of universal partial cycles in the field of combinatorics on words is
indeed a study of cyclic decomposition with some constraints, which is closely related to the study of universal partial
words [CK20, CKMS17a, CKMS17b, FGK*23, GGH" 18, GS18, SKO1]. Partial word was introduced by Berstel and
Boasson [BB99]. Chen, Kitaev, Miitze, and Sun [CKMS17a, CKMS17b] introduced the notion of universal partial
words, a generalization of universal words and De Bruijn sequences. In their terminology, a cyclic decomposition @
of (K', K, t) with period p such that ®; € {K} U (I]() for all i € Z/pZ is called a cyclic universal partial word over
K of length ¢ and period p. When |K| = 2, such a construction is named a binary cyclic universal partial word of
length ¢ and period p. Note that Example 1.3 gives a binary cyclic universal partial word of length 4 and period 8.
We will say a bit more on this aspect in Section 8.

2. Lower bound of the Frobenius number: Deflation number

Definition 2.1 (Deflation number and deflation set). Let K be a set, let # € N, and let ® be a cyclic decomposition of
(K', K, t) with period p. Let

of = |fier—1)y: @ # K},
and let ,

L ={jet—1): Dy; # K.

for every i € Z/pZ. We name ®* the deflation number of ® and ®'. the ith deflation set of ®.

Prior to proving our results on the deflation number of a cyclic decomposition, we prepare some notations that
will be used throughout our analysis of cyclic decompositions.

Definition 2.2 (Location). Let K be aset,t € N, X C K’, and let ®@ be a cyclic decomposition of (X, K, t) with period
p. For any word y over K, say y = ypy; - - - yu € K"*!, we define Locg(y) to be the set

Ut Yoy Y € By X -+ X Dju) € Z/ L.

We may sometimes just consider Locg as the map restricted on X C K’, which is then a map from X to Z/pZ, when
we identify Z/pZ with (Z/ 7 Z). Although we may use the notation Locg in different contexts, we consistently refer to
it as the location function of ®.

Remark 2.3. Let K be a set, t € N, and let ® be a cyclic decomposition of (K’, K, ¢) with period p. Assume that A is
a subset of K satisfying Loce(a’) = j € Z/pZ for all a € A. It is easy to see that Loce(x) = j for all x € A”. We thus
adopt the notation Locg(A") for this common value j € Z/pZ.

After Definition 2.2 we should immediately write down the following most obvious fact about the relation between
location function and cyclic decomposition, though we will need it explicitly only in Sections 5 and 7.

Lemma 2.4. Let K be a set, let t and s be two integers satisfying 1 < s < t—1 and let ® be a cyclic decomposition of
(Kt, K, t). For any x € Kt_s, it holds that UiELocm(x) (D[i—s,i—l] = |_|i€LOCq>(X) (D[Ht—x,iﬂ—l] = K°*.

Proof. Since @ is a cyclic decomposition of (K, K, 1), we have | lief ocq(x)(Pri-si=1] X X) = K* X x and | Jief gy (¥ X
Dpivr—sivt-17) = x X K*. Deleting the common factor x from both sides of the two equalities yields the result. O
4
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Let p € N and let ® be a map defined on Z/pZ. If there exists { € Z/pZ such that ¥; = @, for all i € Z/pZ,
we say that ¥ is a translation of @; if there exists ¢ € Z/pZ such that ¥; = ®,_; for all i € Z/pZ, we say that ¥ is a
reflection of ®. We call two maps @ and ¥ defined on Z/ pZ equivalent provided they are translations or reflections
of each other; in other words, modulo the dihedral symmetry of the p-cycle, ® and ¥ are essentially the same. If @
is a cyclic decomposition of (K’, K, r) with period p, then any map on Z/pZ which is equivalent to @ is surely still a
cyclic decomposition of (K, K, t) with period p. Lemma 2.5 shows that ®* = ¥# whenever ® and ¥ are equivalent.
We note that a slightly weaker version of Lemma 2.5 is also reported by Chen et al. [CKMS17b, Lemma 14].

Lemma 2.5. Let K be a set, and let t and p be two positive integers. Let ® be a cyclic decomposition of (K', K, t) with
period p. If ®; = K for some i € [p], then ®;_; = ®;,; = K.

Proof. Suppose for the sake of contradiction that ®;_, # K. This allows us to find y € (K \ ®;_;) X ®jj_r11,;-1;. Clearly,
Loce(y) # i—t. From ®; = K and (D[Loc@(v)+l,L0c@0r)+t—l] ﬂq)[i_,.,.],i_]] # () we derive that (D[L()c@(v)+],Loc®(y)+t] ﬂ(D[,‘_H.],,'] *
(0. By the definition of a cyclic decomposition, this then implies Locg(y) = i — ¢, which is a desired contradiction.
Let ¥;,; = ®;_; for all j € Z/pZ. 1t is clear that ¥ is again a cyclic decomposition of (K’, K, r) with period p.
Applying what we obtain above on the cyclic decomposition ¥ gives that ®;,, = ¥;_, = K. O

Corollary 2.6. Let K be a set, t, p € N and ® be a cyclic decomposition of (K', K, t) with period p.
(a) If ©; = K for some i € [p], then @i gcqps) = K.
(b) If p > 2 and gcd(p,t) = 1, then ®©; # K holds for all i € 7] pZ.

Proof. Invoking Bézout’s identity [Gra24], we can find a,b € Z such that ap + bt = gcd(p, ). Let us assume the
existence of an index i € [p] for which ®; = K. Thanks to Lemma 2.5, ®; = K should guarantee that ®;yscq(p,y =
D\ aprr = Divpr = K. This confirms (a).

We proceed to validate (b). Let us assume the opposite that ®; = K for some i € Z/pZ. It follows from (a) and
ged(p, 1) = 1 that ®; = K for all j € Z/pZ. As p > 2 and @ is a cyclic decomposition, we find that ®; x --- x &, = K’
and @, X - -- X O,y 1 = K" must be disjoint, which is absurd. O

Throughout the paper, we use LI for disjoint union.

Definition 2.7 (Discrete box and subbox). Let ¢ be a positive integer. For any ¢ nonempty sets Ay, ...,A;, we call
A = A XAy X--- X A; a t-dimensional discrete box. For any set B = B; X B, X --- X B, satisfying @ # B C A,
we name it a subbox of A, and we define the deflation number of B in A, denoted by DM(A;, ..., A;; By, ..., By), as
|{i§ [t] : B; gA,»}|. Two subboxes B= By X By X---XB,andC =Cy{ XCy X ---XC,ofabox A=A XAy X--- XA,
are said to be dichotomous relative to A provided there is i € [#] such that B; LI C; = A;; a collection of pairwise
dichotomous subboxes of a box A is called a suit of A [KPOS, p. 2].

Theorem 2.8. Let A = Ay X Ay X -+ X A; be a t-dimensional discrete box. Assume that A = | |, BJ, where
B/ = B{ x---X Bl and DM(Ay, ..., A; B],...,B}) = d; for each j € [p]. Then, it holds

Z 274 > 1, (1

Jelp]
with equality if and only if {B', ..., BP} is a suit of A.

Proof. For each i € [t] and I C [p] such that X;; = (N e; B{) \ (Ujerpnia Blj) # 0, we fix one element o;; € Z;;.

Replacing B{ by {ois : Ziy # 0, j € I} and A; by U jep B{, we see that one can safely assume that Ay, ..., A, are all
finite sets.
Let O(A) = {Cl X XCr CA: []jgylCil =1 (mod 2)}. For every j € [p], we further define O(A, B/) =

{c €OA): ICNB|=1 (mod 2)}.
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Take j € [p] and assume that {a/{ <. < aé,} ={ielr: B{ # A;}. Let I{,...,Ié be d; sets such that I{ € (Az)
and |I{ N Bfl = 1 for all r € [d;]. For every C € O(A), it is a member of a set of 24; elements from O(A), namely

. . Biixy,...x4.
Bjixi,....xq. BiiX1ynXg, X1 e Xd
CoP i xy,. ., xq; €10, 1}, where C™7% % = C !

1

BjiXt,Xa;
XX C, with

Ci, if C; = A;,

B_,-;xl,...,xdj L. j

C, =<C;, ifi = a;and x, =0,
Cinll, ifi=alandx, =1.

Surely, among this group of 2% elements from O(A), exactly one of them falls inside O(A, B/). Essentially, we now
have an action of the group (Z/27)"~% on O(A), each orbit of it having size 2% and intersecting with O/(A) exactly
once. This then tells us that )
IO(A,B) _ 1
o) 24"

For each C € O(A), C N B.,CnB,...,.CNBP surely form a partition of it, and so at least one of them is of odd
size. This means that

@)

U O(A, B) = O(A). 3)
Jelp]
Putting together Egs. (2) and (3), we get . jej,) 2-410(A)| = Y jeip|O(A, B))| > |O(A)], and thus (1) follows.
Equality holds in (1) if and only if the union on the left-hand side of Eq. (3) is a disjoint union. Hence, it remains
to show for any {j, j/} € ([’2’]) that O(A, B/) N O(A, B”) = 0 if and only if there exists i € [f] such that B{ U Blj = A,
Assume that there does not exist any i € [f] such that B{ u B,j = A;. For any i € [¢], we choose C; to be a set
{x;} C B{ N B}i/ whenever B{ N B,j # (, while we choose C; to be a set {x;,y;, z;} such that x; € B{, y; € Bl’ and
z € Ai \ (B/ U B/) whenever B/ UB/ # A; and B/ n B/ = 0. It is clear that C, x --- X C; € O(A, B/) N O(A, B)).
Assume that there exists i € [¢] such that B{ u B,’ = A;. Then, for any subbox C of A with |C N B/|=|[CNB/| =1
(mod 2), we have |Ci| = |C; N B/ +|C; N B/| = 1+1 =0 (mod 2), showing that O(A, B/) N O(A, B) = 0. O

Corollary 2.9. If a t-dimensional discrete box admits a partition into p subboxes with deflation numbers at least d,
then p > 2¢.

Proof. This is straightforward from (1), an inequality reported in Theorem 2.8. O

Remark 2.10. Recall the map @ constructed in Example 1.3. One can check that B/ = Dpjs1,j+41, ] € Z/8Z, gives a
partition of [2]* into eight subboxes, and DM([2], [2], [2], [2]; D1, Pji2,Djy3,Djyg) = 3 forall j € Z/8Z. Observe
that 8 = 2, which says that the bounds in Theorem 2.8 and Corollary 2.9 are both tight.

Theorem 2.11. Let K be a set and take t € N. Let O be a cyclic decomposition of (K', K, t) with period p. Then it
holds p > 2%

Proof. According to Lemma 2.5, for each i € [p], @41+, constitutes a subbox of K’ with deflation number CI)ﬁ. Note
that @(;11,544, i € [p], form a partition of K’. Henceforth, Corollary 2.9 claims that p > 2@, as wanted. O

Remark 2.12. In the course of establishing Theorem 2.11 in 2016, we were led to the statement of Corollary 2.9. It
looks so simple that we always expected to find a proof in a few lines. But we got stuck with it for several months
and so we wrote to some friends in different countries for possible help. We had no progress until one day when we
suddenly ran into the paper by Saks [Sak02]. According to him, at the August 1999 meeting at MIT that was held to
celebrate Kleitman’s 65th birthday, a problem due to Kearnes and Kiss [KK99] was presented in the open problem
session, and then a wonderful four-person team solved this problem during the conference [ABHKO02]. Actually, our
Corollary 2.9 for d = ¢ coincides with the result conjectured by Kearnes and Kiss and proved by Alon, Bohman,
Holzman and Kleitman. Our proof of (1) in Theorem 2.8, of course, is simply following the proof of [ABHKO2,
Theorem 1] by Alon et al. The characterization of the equality case in Theorem 2.8 is essentially the same with
[GKPO4, Theorem 2] and [KPO8, Theorem 2.1].
6
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3. Lower bound of deflation number: Difference set and diagonal position

Definition 3.1 (s-difference set). For every set S of integers, we write dg for the set {j —i : i, j € S,i < j} and name
it the difference set of S. For any r € N, we call S C [¢] a r-difference set provided ds = (t — 1) = 9|4, and we write
Y(¢) to denote the smallest size of a t-difference set. Note that [7] is itself a z-difference set, so T (¢) is well-defined.
Also note that S C [7] is a t-difference set if and only if r — g = [¢].

Lemma3.2. (a) It holdsY(1)=1= sz 1-7+ ﬂ = [Wﬂ -1
(b) It holds Y(t) > [ 2t — % + %]for everyt e N.

(c) It holds Y(t) < [2 \/ﬂ — 1 foreveryteN.

(d) It holds T(f) = Mzt— I+ ﬂforeveme [10] and Y(11) = 6> 5= [2x 11 — I+1

Proof. (a). This is trivial.
(b). Thanks to (a), we assume ¢t > 2. Take a t-difference set S. From (';') > |0s \ {0}] = t — 1 we can obtain

1S > {,/2t— I+ ﬂ, as desired.

(c). According to (a), we only consider the case of ¢t > 2. For every m € [t — 1], we define f,,, = [ﬂ —1eNand

Sme = [m] Ut = jm 2 j € (fns = 1)} “

Take m € [t — 1]. Note that
Mfpy +m>1>mf,. (®)]
For every i € (m— 1), from 1,i+1 € §,,, we geti € Js,,. Foreachi € [t — 1]\ [t =1 — mf,,], it holds that
0<t—1-i<mfy and =X <1+ [==L] which then imply 7 — m[’*mﬁj €S andt—i-— m[%J € [m] € S

respectively, thus obtaining [ — 1]\ [t — 1 — mf,,] € Js,,. (5) claims that t — 1 > mf,,, > t — m and so it holds

Os,,, = {t—1).
Let n and m be positive integers such that m + n = [2 \/ﬂ — 1 and that n — m € {0,—1}. It follows from (5) that
mfy, < tand so we have |S,,,| = m + f,,,. Moreover, it holds

m+n+1)\? 1>2\/22 1
2 47\ 2

mit*

mn+1) > ( 1 T (6)

Considering that both m(n+ 1) and ¢ are integers, (6) indeed gives m(n+1) > t. Therefore, it holds that f,,, = [ﬂ -1<
n. Now the proof is completed by noting that |S ;| =m + f,; <m+n = [2 \/E] - 1.

(d). It holds that [wﬂt - Z—‘ + %-‘ = [2 \/f-| — 1 for every t € [9] \ {7}. In view of (b) and (c), we only need to check
(d) for ¢ € {7,10, 11}. It follows from (b) that T'(7) > 4 and Y(10) > 5. Recall the definition of S ,,, in Eq. (4). When

4,ift =7
t € {7,10}, it holds that s, = (¢t — 1) and |So,| =2 + fo, = 5 %f 10 Consequently, we find that (' (7) = 4 and
: ,if t = 10.
T(10) = 5. It follows from (c) that Y(11) < 6. However, a computer enumeration shows that dg # (10) for every
S e ([]51]). Thereby, we arrive at Y(11) = 6, as desired. O

Definition 3.3 (Diagonal positions). Let K be aset,7 € N, {k' : k€ K} C X C K’, and let ® be a cyclic decomposition
of (X, K, t) with period p. The diagonal positions for @, denoted by Diag,, are defined to be {Loce(k) : k € K},
which is a nonempty subset of Z/pZ.

We digress to mention that diagonal positions have been a useful perspective to analyze cyclic decompositions in
[WXZ17], as we will also see shortly in Lemma 3.5. Here is a sample result from [WXZ17], which we will appeal to
in Sections 5 to 7.

7
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Lemma 3.4. Let K be a set, let t and p be positive integers, and let ® be a cyclic decomposition of (K', K, t) with
period p. Then the following statements hold.

(a) [WXZI17, Lemma 51(c)] Foralli, j € Diagg, it holds i — j ¢ {1 + pZ,2 + pZ,...,t — 1 + pZ}.
(b) It holds |Diagg| < L?J.
(c) [WXZ17, Lemma 51(d)] If p > 2, then Diagg, contains at least two elements.

Proof. (a) and (c) have been proved in [WXZ17, Lemma 51]. Note that they were claimed there with the additional
assumption of the finiteness of K. However, the result holds true for general K whenever it is valid for finite K. To
see this, we only need to notice that the statement of the result allows us to assume, without loss of generality that, for
every J C Z/pZ, (Nies ©i) \ (Uierp)s i) contains at most one element. With this assumption, we are reduced to the
case of |[K| < oo.

It follows from (a) that i + (¢ — 1), where i runs through Diagg,, are pairwise disjoint subsets of Z/pZ. This proves

(b). O
K K
H H+
D; e (DH./M_/'*I T (Di‘er e Dy Dy e (DHle
ul ul ul ul Al
A A A A K\ @y,
K K
H H+
Qivrer v Qujpju o Piyy e B Dy @iy
Ul Ul Ul Ul all
A A A A K\ Oy ),

Figure 1: j; and j; as claimed in Lemma 3.5 (a). Note that j > max{r — ji, j» + 1}.

Lemma 3.5. Let K be a set and let t € N. For any cyclic decomposition ® of (K, K, t) with period p > 2, the following
statements are valid.

(a) Take i € Diagy, and let A = i1y Pisk # 0. Then for every j € [1], there exist two (possibly equal) elements
jl,jZ € q)l< such that (DH'J.‘A N (I)i+j+j1 = (D,'+j2 N (Di—j+jz = 0, that (I)i+j+j1 NA = (Di—j+j2 NA = 0 and that
{(j+ji—t—j+ ja+1} COLC(r—1).

(b) It holds ¥ > =Y (ged(p. 1) > m“z ecd(p.r) - 1+ ﬂ,

Proof. (a). It follows from Theorem 1.4 (b) that p > 2¢t > ¢ > j and so, as ® is a cyclic decomposition of (K’, K, 1)
with period p, we obtain @; ;1) N Ppiy i+ j+~17 = 0. This implies the existence of j; € (¢ — 1) such that

Dipjy N Diyjyj, = 0. (N

Since A € @, we read from Eq. (7) that ®;,j,;, NA =0 andso j+ j; ¢ {t—1). In view of Lemma 2.5, to show that
{ji,j+ j1 —t) € ®. we need to demonstrate Dipj, # K # Dpyjyjand j+ ji—t€{t—1). From O # 0 # Oy,
we derive from Eq. (7) that @;,;, # K # ®; ;. Given j; € (t—1),j € [tf] and j + j ¢ (¢t — 1), it is evident that
JHji—telt—1).

Let ¥ be a reflection of ® defined by ¥, = ®yj—1-¢ for all £ € Z/pZ. Note that i € Diagg, N Diagy and
A = Mie-1y Pisk = Nieqr—1y Yirk- What we have obtained above on the existence of j; is summarized on the top of
Fig. 1. Replacing © by ¥ then yields the bottom of Fig. 1, which demonstrates the existence of the required j,.

(b). We put 7 = ged(p, ). When 7 = 1, we are done by Theorem 1.4 (b), Corollary 2.6 (b), and Lemma 3.2 (a).
Let us proceed with the case of 7 > 2.
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Pick i € Diagq, and let T = 7 — Jgi nr—1y- For every j € [7], (a) ensures the existence of j, € @’ such that
—j+j+17=—((+t-1)+ jrp+t e @ It follows that 0 < j, < —j+ jo + 7 < 7 — 1, indicating that j =
T—(=j+j2+7)+j2 € T. Consequently, we find that 7' 2 [7], implying that d¢; ,—1y = [7]. By the definition of T, this
means that |C[)"< N{T—1)| = Y(7). Finally, the proof is completed by applying Corollary 2.6 (a) and Lemma 3.2 (b). O

Corollary 3.6. Let K be a set, let t be a positive integer, and let ® be a cyclic decomposition of (K', K, t) with period
p > 2. For any i € Diagy, it holds ®;_y N ®; = Oy N Dy = 0.

Proof. This is obtained from Lemma 3.5 (a) by putting j = 1. U

Corollary 3.7. Let K be a set, let t > 2 be an integer, and let s = | 5|. Let ® be a cyclic decomposition of (K', K, 1)
with period at least 2. Then, for every j € N it holds @, j+s # K°.

Proof. We assume without loss of generality that 1 € Diagg, and that A = (g ®@; # 0. Corollary 3.6 shows that
®; # K and @, # K. Therefore, it is sufficient to check that @, j.s) # K* forevery j € [t —s— 1] C [s].

We assume on the contrary that there exists j € [s] such that ®;,; j. = K*. By substitutingi = l and j =t —s
in Lemma 3.5 (a), we derive the existence of ji, j| € (I)'< such that j; — j = 5. Since ®@j,1,j15 = K°, it holds either
J+s < j < jiorj < ji £ j Bysymmetry, we assume that ji < j; < j. Since j < s and j| > 1, it holds
s = j1 = Ji £ j—1<s. This is a contradiction. O

[ VreedpT+4]

Lemma 3.8. For any positive integer t and any p € PS(t) \ {1}, it holds that p > 2¥"" .

|4/ 741
Proof. 1t follows from Theorem 2.11 and Lemma 3.5 (b) that p > 208 > 23“1“"”[ 2eedpd) 4+2}. O

Lemma 3.9. Let t be a positive integer. If p € PS() \ {1} and ged(p, 1) = 1, then p > 2.

/ 7 1
Zng(p, t) — Z + 5

Therefore, the result is immediate from Lemma 3.8. O

Proof. 1t follows from gcd(p, f) = 1 that

t

—_— =1
ged(p, 1)

Proof of Theorem 1.5. Tt is clear that we can pick g € {2' — 1,2" - 2,...,2" — | 7]} such that gcd(g,7) = 1. Since
2! > g > 1, we then conclude from Lemma 3.9 g ¢ PS(¢), as wanted. O

Proof of Theorem 1.6. Take p € PS(¢) \ {1} and then set T = ged(p, ).

When 1 = 1, it follows from ¢ > 2 and Lemma 3.9 that p > 2', and hence p > 2 V2] whent >2and p > 2[2]
when ¢t > 4. This verifies (a) and (b) when 7 = 1.

When 7 > 2, it holds that

t 7 / 7 1
_;\/ZT_Z-{_ 2T—Z+Z (8)
t 7 7 1
—— 44/ _ L4z >
T\/ZT 4+ 2x2 4+4 Byt=>2)

- e

\%
|

= By !eN)

Since 7 < ¢, we can finish a proof of (a) by applying (8) and Lemma 3.8.
9
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In the case that ¢ t p, it holds 7 < é Henceforth, when 7 > 2, we obtain from (8) that ﬁ[ \27 - % + ﬂ >

[2 \/i-‘ and so (b) follows from Lemma 3.8.
It follows from (a) and (b) that S(#) N 2,2/ 1 — 1] = £S(1) n ([2[*@1,2f2\ﬂ I (tZ)) — 0. Therefore, it holds

Nes > ‘[2, ol V] _ 1]‘ + '[2[‘5’1, 2M2V] (tZ)' >Vl _ gy [%(2” il m)J, hence proving (c). 0

4. Upper bound of the Frobenius number: Rooted cyclic decomposition

Wu, Xu and Zhu introduced strong cyclic decomposition [WXZ17, p. 21] as a means of constructing a large cyclic
decomposition by assembling several smaller combinatorial structures. We adapt it slightly to define rooted cyclic
decompositions below.

Definition 4.1 (Rooted cyclic decomposition). Let K be a set, t € N and X C K’. We say that a cyclic decomposition
@ of (X,K, 1) has r € K as its root provided ®; = {r} for all i € [r — 1]. A cyclic decomposition is rooted if it has
a root. We define P*(X, K, 1) to be the set of periods of those cyclic decompositions of (X, K, ¢); for any r € K, we
define P*(X, K, ¢, r) to be the set of periods of those cyclic decompositions of (X, K, #) rooted at r. We further define
P(k,1) = P*([k), [k],1, 1) and PS*(r) = U2, P*(k, ).

We list in Lemma 4.2 some results from [WXZ17] about rooted cyclic decompositions. The statements in Lem-
mas 4.2 (a), 4.2 (c) and 4.2 (d) are weaker than the corresponding ones from [WXZ17]. These weaker claims are
already sufficient for our application in this paper and save us from delving into more technical details.

Lemma 4.2. (a) [WXZI17, Lemma 41] It holds k' € P*(k,t) for all k,t € N.

(b) [WXZ17, Lemma 42(b)] Let ky and k, be two integers such that 1 < ky < ky. Then P*(k1,t) C P*(ky, t) for every
reN.

(c) [WXZI17, Lemma45] Let K be a set and let t € N. Let X and Y be two disjoint subsets of K'. Then P*(X, K, t,r)+
P*(Y,K,t,r) CP(XUY,K,t,r)foreveryr € K.

(d) [WXZ17, Lemma 48] Let t > 2 be an integer. Then 3' —2' + tc € P*([c + 31"\ [c + 2], [c + 3],¢, 1) holds for
every nonnegative integer c.

For any sets Y, Z and any element y, let

Z, ify¢Z,

Ty y(Z) =
»r(2) {ZUY, ifyeZ

That is, the map 7,y applied on Z substitutes y with {y} U Y whenever y € Z.

LET E1 N J
roq A s

LPA 71 A AATYY,

Figure 2: Proof of Lemma 4.3.

Lemma 4.3. Let A, B and C be three sets satisfying C 2 AU Band AN B # 0.
(a) Assume that A\ B # 0. For everyt € N, it holds P*(A" \ (A \ B)',A,1) CP*(C"'\ (C\ B),C,1).

(b) Assume|A\ B| > 2. Then, for everyt € N and r € A\ B, it holds P*(A"\(A\ B)',A,t,r) C P*(C'\(C\B),C,t,r).
10
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Proof. We only prove (b), and a proof of (a) can be given in the same manner. Let ® be a cyclic decomposition of
(A"\ (A \ B), A, 1) with period p and rooted at r. Take s € AN Band g € (A \ B) \ {r}. It is not hard to check that the
map ¥ with ¥; = 7, g\a 0 T4.0\@aup)(P;) for all i € Z/pZ is a cyclic decomposition of (C* \ (C \ BY', C, f) with period p

and rooted at r; see Fig. 2. Therefore, it holds p € P*(C*\ (C \ BY, C,t,r). O
a b b -b a-a
> A
~ B
r C

Figure 3: Proof of Lemma 4.4.

Lemma 4.4. Consider a,a’,b,b’ € Nsatisfying2 < a < a’ andb < b'. Then it holds that P*([a+b])'\[a]’, [a+b],1,1) C
P([a" + b1\ [a'],[a +D],t,1).

Proof. Let A, B and C be three sets satisfying |[A\B| = a,|ANB| = b,|B\A| = b'-b,C 2 AUB and |C\(AUB)| = @’ —a.
Take r € A\ B. Obviously, it holds P*([a + b]'\ [a]’, [a+b],1,1) = P*(A"\(A\ B), A, t,r) and P*([d’ + b']"\ [a'], [a’ +
b'1,t,1) = P(C"\ (C\ B, C,t,r); see Fig. 3. The proof is now completed by applying Lemma 4.3 (b). O

For any t,k € N, let us define
Q k1) =P (g + K\ [ql'.[g+ K., ) and @S*(1) = |_] @, ). ©)
g=2 k=1
Lemma 4.5. Let t, ky and ky be three positive integers. Then the following hold true.
(a) Q ki, 1) = [ki].
(b) Q(ki,1) C Q' (k) + ka, 1).
(c) Q(ky,t) + Q (ka, 1) C Q*(ky + ka, 1).

Proof. (a). For any g € N and any s € [k ], we can find disjoint nonempty sets @y, ..., D, whose union is [¢g+ k] \ [g].
It thus follows that P*([q + k1] \ [¢], [g + k1], 1, 1) = [k] for any g € N. The claim is now immediate from Eq. (9).
(b). For every g > 2, settinga = a’ = q, b = k; and b’ = k; + k, in Lemma 4.4 yields that P*([g + k11" \ [q]’, [g +
kil,6,1) CP*([q + ki + k1" \ [q]', [q + k1 + ko],1, 1). According to Eq. (9), we obtain @*(k;, ) C Q" (k; + k», ).
(c). Let p; € Q'(ki, 1) and py € Q'(k2,1). Then there exist two integers k| > ki + 2 and k), > k, + 2 such that
p1 € PRI\ [k = ki1, [K}],¢, 1) and py € P*([kS]\ [k, — ka]', [KS], 2, 1), respectively. Let k" = k} + k, > 6. In light
of Lemma 4.4, we then find that

{Pl € Pk} + k) — ko' \ [k — k1 + k) — ko', [k} + k), — kol £, 1) = P (K’ = kol \ [K' — k1 = ko', [K'], 2, 1),
P2 € P(IK) + KN\ [k] + Ky — k1!, [k] + K51,8, 1) = P[]\ [K = ko], [K'], 2, 1).
Finally, an application of Lemma 4.2 (c) shows that p; + p, € P*([K'I"\ [k’ — k1 — k2], [K'],1,1) CQ* (k| + kp, 7). O
Lemma 4.6. I holds PS" (1) + QS'(r) C PS*(¢) for all t € N.
Proof. Take p € PS*(r) and g € QS™(¢). Then we can find three integers k, k> and k3 such that ky > 1, ky > k3 > 2,

p e P (k' [kil,1,1) and g € P*([k2]' \ [ks]', [k2], 2, 1). (10)

Let k = max(ky, k3) and kK’ = k; + k — k3. By Lemma 4.2 (b), Eq. (10) gives p € P*([k]', [k], 1, 1); substituting a = k3,

a =kand b = b’ = ky — k3 in Lemma 4.4, it follows from Eq. (10) that g € P*([k’]" \ [k], [K'],¢, 1). Accordingly, as a

consequence of Lemma 4.2 (c), p + g € P*([k]', [k],t, 1) C PS*(¢), as desired. O
11
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For any positive integers d and ¢, the #-dimensional De Bruijn digraph on the symbol set [d], denoted by B(d, 7), is
the digraph with vertex set [d]’ and arc set [d]"*!, where each arc (s1, . .., 5;+1) € [d]""! has the initial vertex (s1,..., /)
and the terminal vertex (so, ..., S;41)-

Lemma 4.7 ((WXZ17, Lemma 47]). Letd > 2 and t > 2 be two integers, and let X = [d + 1"\ [d]'. Then there exists
a discrete cyclic decomposition A of (X, [d + 11, ¢t) such that A; = {d + 1} for all i € [2t — 1]\ {t} and that A, = {d}.

Proof. Let H be the subdigraph of B(d + 1,7 — 1) with vertex set [d + 1]~ and arc set X. Note that H is strongly
connected as for any two vertices x = (x1,...,x-1)andy = (y1,...,y—;) from [d + 1]},

X = (-x29~~-,xt71’d+ 1) - (X3,...,Xt,1,d+ 1,)’1) - (X4,...,.xt,1,d+ 1,}’1,}12) — e (d+ 1,)’1,--~,yt—2) -y

is a walk from x to y in H. For each vertex v of B(d + 1, ¢ — 1), the number of arcs from [d]" with v as the initial vertex
is equal to the number of arcs from [d]’ with v as the terminal vertex. This implies that H is Eulerian. For every i € [1],
let o; represent the word
d+1,...,d+1,d,d+1,...,d+1)e[d+1],
i-1 1—i

and write X for {o; : i € [f]}. Note that going through the arcs o, 01, ..., 0 in this order gives rise to a closed walk
in H. We need to construct a discrete cyclic decomposition A of (X, [d + 1], ¢) satisfying {0} = Ay, that is, we aim to
demonstrate the existence of an Eulerian cycle in H containing the walk o, o7,_1, ..., 0. By the connectedness of H,
this is ensured by the existence of an Eulerian cycle in H — X. In the case of # = 2, the only arc of H — X is the loop
going from d + 1 to itself and so we are done. As H is Eulerian, it thus remains to illustrate that H — X is strongly
connected under the assumption of ¢ > 3. Let

z=(,....,1L,d+1)e[d+11"".
————
-2
Take x = (xy,. .., x,—1) arbitrarily from [d + 11", We will construct in H — X a walk W, from x to z and a walk W,

from z to x. For each £ € N, let us designate by WY the set of all walks in H — X of length .
Case 1. x ¢ [d]"".

We can choose W, , € W'*? to be

X (X2, X1, D) 2 (s, X1, Ld + 1) = (e xo, Ld + 1, 1) = (x5, xo, Ld + 1,1, 1) — e
- XX, Ld+1,1,...,1) > - > (1,d+1,1,..., 1) > d+1,1,...,1) > (1,...,1) > 7
i-3 t-3 -2 -1

and W, € W' to be

z—>({,....1,d+1,1)>({,...,1,d+1,1,x)) > --- > d+1,1,x,...,x.3) = (1, x,...,X.2) = Xx.
-3 -4

Note that d > 2 and ¢ > 3 together ensures that the first two arcs of W, , and the last two arcs of W_, do not belong to
z.

Case2. x € [d]"L.

We can check that the two walks W,, € W™*! and W, , € W'~! are what we are seeking for, where

Wiz=x— (x2,...,%-1,d+ 1) = (3, x-1,d + 1, 1) = (x4, ..o X1, d + 1,1, 1)

- (X, x,d+ L1 D)o (d+ 1,1, D) > (A,...,1) > 2
S—— S—— S——
i-2 -2 -1
and
Wx=z—=(,....,Ld+1Lx)—>{,....,L,d+ 1,x;,x0) = - = (d+ 1,x1,...,x5-2) = x.
~—— ——
=3 -4

We have used d > 2 and ¢ > 3 here to guarantee that the first arc of W, ; and the last arc of W, , do not belong to %, as
well as even the existence of the first arc in W,. O
12
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Remark 4.8. Tf we let t = 1, the result in Lemma 4.7 trivially fails. If t = 2 and d = 1, the map ® € [2]%/3 given by
Ay = {2}, A; = {1} and A3 = {2} is surely a discrete cyclic decomposition of ([2]? \ {11}, [2],2).
Let us explain that Lemma 4.7 does not extend to the case of d = 1 and t > 3. Indeed, assume to the contrary that
there is a discrete cyclic decomposition A of ([2]°\ [17’, [2], £) with Ap,—1; = (2,...,2,1,2,...,2). Note that the period
T T
of Ais2'—1>2r+1. Comparing A[,] and A[H—I,ZI] yields Ay = {2}. We thus find that A[,_l] = A[r+1,2,_1] = A[t+2,2r] and
SO A[l+2,2t+l] € {A[r], A[r+1,2t]}a which is absurd.
In the statement of [WXZ17, Lemma 47], the condition d > 2 is missing. Let X be the subset of [d + 1]’ as
defined in the proof of Lemma 4.7. In the proof of [WXZ17, Lemma 47], the authors first obtain a discrete cyclic
decomposition Q on [d + 1]\ R U {(d + 1,d + 1,...,d + 1)}) and then claim that one can obtain a discrete cyclic

t
decomposition [d + 1]° \ T from Q. This claim is not valid when d = 1. Fortunately, whenever [WXZ17, Lemma 47]
is used throughout [WXZ17], the condition of d > 1 is always fulfilled.

Lemma 4.9 ([Bra42, Theorem 1]). Leta; < a; < --- < a, be n positive integers with gcd(ay,as, ...,a,) = 1. Then it
holds (a1 — 1)(a, — 1) + Ny C a;Ng + a;Ng + - - - + a,N.

Lemma 4.10. Let t be a positive integer and let k be the minimum integer satisfying k > 3 and ged(¢,3" = 2',..., k' -
(k— 1)) = 1. Thenforevery p > (t — 1)(kK' — (k—1)" — 1) + 3" = 2, it holds p € QS™ ().

Proof. When ¢ = 1, it follows from Lemma 4.5 (a) that QS*(r) = N. We assume in the sequel that ¢ > 2.
Letn=k—1,a; =tand a; = (i + 1)’ — i for every i € [k — 1] \ {1}. An application of Lemma 4.9 leads to

peB =2 +MNg)+ (3 = 29Ny + -+ + (K — (k- 1)")N,. (11)

By Lemma 4.2 (d), we have 3" — 2" + tc € Q*(1,1) for all ¢ € Ny. It follows from Lemma 4.7 that (d + 1)’ — d" €
P(d + 117"\ [d',[d + 1],¢,1) C @“(1,1) for every d = 2, ...,k — 1. This combined with Lemma 4.5 (c) implies that

B =2"+MNy) + (3 =2ONg +--- + (K = (k= )Ny € QS™(¥).
Taking into account Eq. (11), this completes the proof. O

Lemmad.11. Lett € N and let k be the minimum integer satisfying k > 3 and ged(t,3'=2', ..., k'—(k—1)") = ged(z, 3"
20,42, k'=2") = 1. Then (1—1)(K' = (k—1)'=1)+3'+ Ny C PS" (1), namely gpg-;, < (t=1)(k'=(k=1)'=1)+3' 1.

Proof. 1t holds

24 (1= DK = (k= 1) = 1)+ 3" = 2' + No) C P2, 1) + QS* (1) (By Lemmas 4.2 (a) and 4.10)
CPS'(t)+QS* (1)

CPS(0), (By Lemma 4.6)

as wanted. O

Proof of Theorem 1.7. This follows directly from Lemma 4.11 and the fact that PS*(r) € PS(¢) for all ¢ € N. O

Lemma 4.12. Let t > 2 be an integer; let p be the largest prime divisor of t, and let k = max(p, 3). Then (t — 1)(k' —
(k=1) = 1)+ 3"+ Ng C PS(2), namely gpg,) < (t = D)(K' = (k= 1) = 1) + 3" - 1.

Proof. If ged(2,3' =2, ..., k' = (k—1)") = 1, we can employ Theorem 1.7 to conclude the proof. Thus, we may assume
that 7’ is a prime factor of g = ged(z,3" — 2/,..., k" — (k — 1)") and aim to derive a contradiction. Note that # < p < k.
If ¥ > 3, from ¢ | g we deduce 7 | (¢)" — (¢ — 1)"), which is absurd. If ¥ = 2, from ¢ | g we deduce ¢’ | (3" — 2"),
which is again impossible. O

Lemma 4.13. For each prime number t, it holds (t — 1)(3' = 2" = 1) + 3" + Ng C PS(t), namely gpg,) < (t = 1)(3' -
20—-1)+3" - 1.

Proof. Since ged(r,3" — 2") = 1, we can substitute k = 3 in Theorem 1.7 to obtain the desired result. O

Proof of Corollary 1.8. Combine Lemmas 4.12 and 4.13. 0
13
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5. Height

Definition 5.1 (Height). Let K be a set, let ¢ be a positive integer, and let @ be a cyclic decomposition of (K, K, ).

For any a € K, let &g, be the set {s € [7] : |_|§,=j_x @y 7+5-11 = K*}, where j = Locg(a’), and let

hCI) a =
’ max&ep,q, clse.

{o, if éo4 = 0,

We call hg, the height of a € K in the cyclic decomposition ®. Assume that A is a nonempty subset of K satisfying
Locg(a") = Loce(b') for all a,b € A. We adopt the notation hg 4 for this common value of hg 4, a € A. Recall from
Remark 2.3 a related notation of Locg(A?).

Lemma 5.2 provides several different characterizations of the height function of a cyclic decomposition of order
t > 2. After that, we shall further develop some tools from the perspective of the height function that are useful in
establishing nonexistence results for cyclic decompositions.

Lemma 5.2. Let K be a set, let t,p € N\ {1}, and let ® be a cyclic decomposition of (K', K, t) with period p. Take

JH=1 g
jeDiagg Ae (M ™) and g =hos <1 Let £ = @y x Djyy X+ X Djyyogo U+ Uy X Dy X -+ X Djypoy and
letY = (Dj X cDj+1 X X (Dj+t—q—2 U---u (Dj+q+l X (Dj+q+2 X X (I)j+l—1~

(a) It holds Loco(x) N (j + s + [t — s]) = O for every s € {t — 1) and every x € A",

(b) For any x € A™™9, it holds that Loce(x) C j+ {q); for any y € A™97! it holds that Loce(y) \ (j + (g + 1)) # 0.

(c) For any x € A9, it holds that x ¢ (Urez,pz @i X a1 X -+ X Oprr—g_1) \ Z; for any y € A9 it holds
/p q
Y € (Ukezpz P X Ppaq X -+ X Dpyyg2) \ X'

(d) LetY¥; = @y ,_1_; for every i € Z/pZ. Then we have hy 4 = ho s = q.
(e) Take s € (t — 1) and x € A'™%. It holds Loce(x) C j+ {s) if and only if s € {q).

(f) Forevery s € [t], g = s if and only if|_|§,=j_s

iy jas-1y = K.
(¢) Foreverys€lt], ¢ > sifand only if | [},_,_ ®pyspsrjesn = K.
(h) It holds that £, = [he 4] = [he 4] for every a € A.

Proof. (a). According to Corollary 3.6, it follows from j € Diagg, that @ ;,,_;N®;,, = 0. We pick i € [¢—s]. Then, from
X; € A C @, we obtain that x; ¢ @ ,,. As aresult, it holds x & ®rj,_i11 j+2—i-s), and hence j+1 —i+ 1 ¢ Loce(x).
We now see that Loce(x) N[+ s+ 1, j + t] = 0, as desired.

(b). By Theorem 1.4 (b), we deduce from ¢ > 2 that

get—1). (12)

Since p > 2, it follows from Theorem 1.4 (b) and Eq. (12) that
p=22t>22(qg+1)>2g+1>qg+1. (13)
Take {f, "'} € (U*q;l’”). By Eq. (13), p > ¢+ 1 > |j” — j'|. Accordingly, we find that ®(; j1,1) O D(jr a1 = 0.

J+t—1
Ni; @i

Because A € ( 7 ) and j € Diagg,, it holds @y g1, jr41-1] N Ppjraget, jre—1] 2 A9"1 £ (. We thus arrive at

(D[j’,j“rq] ﬂ q)[j//’j/urq] = (b (14)
. A @, . . .
Making use of A € ( o ’) and j € Diagg, again, we find that
J
xeAC () Drgjai. (15)

J=j-q

14
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Consequently, the definition of hg 4 ensures that

J
|| @i =K (16)
J=j-q
and, in view of Eq. (14), that
J
|| ®yen < K (17
J=j—q-1
By Egs. (15) and (16), K9 X x C (|_|j,:_i_q (I)[j/,'j#q,l]) X (ﬂ.’]:,zj_q Qg js-1]) C |_|§,:j_q @ jr. 7 +1-11- This proves that
Loco(x) C j+{(g). By Eq. (17), K?*' xy ¢ |_|§,:j_q_1 @y jr+r-1}» which implies that Loco(y) \ (j + (g + 1)) # 0.

(c). This is immediate from (b).

(d). By the symmetry between X and ¥’ with respect to ¥ and @, (c) enables us to get this claim.

(e). We first consider the case of s € (g). Pick i € (¢ — s) and let x = x;x,x3 where x; € A’, x, € A" and
x3 € A9571, The first part of (b) asserts that Locg(x) + i € Loce(x;) € j + (g), and hence Loce(x) € j+(g) — i
follows. Eq. (13) ensures that p > 2g+ 1, and sowe have j+qg+1¢ j+[—q,q] 2 (j+(q)) U (j+ [s — g, s]), namely
G+ NG +[s—q,sD = j+(s). We thus obtain Loce(x) € Nieg-5(J+{q) =1 S (G+{g) N+ [s—q,s]) = j+(s),
as wanted.

Then we turn to the case of s € (t— 1)\ {g). We fix a € A and put x’ = xa*"9"! € A”"9"!, By the second part of (b),
we have Loce(x') € j+ (g + 1). This along with (a) says that Locg(x') € j+(t — 1) 2 j + (s). Since x’ = xa*™4"!,
we are ready to conclude that Locg(x) 52 J + (s), completing a proof of (e).

(f) and (g). Since ¢ > 2, Theorem 1.4 (b) tells us that L]lj]:,:j_l @y j+-11 # K’ and that |_|§,:j_t Dpjvr 1] # K.
By virtue of Eq. (12), we get both (f) and (g) for the case of s = 1.

Take s € [r— 1] and x € A'™%, It is obvious that j+ (s) C Locg(x). Therefore, (e) says that Loce(x) = j+ (s) if and
only if s € (g). It is evident that both (f) and (g) are now consequences of Lemma 2.4.

(h). Let a € A. It follows from Definition 5.1 and (f) that s € &g, for every s € [hg,]. As a result, it holds

f(D,u = [h(D,a]- O

Lemma 5.3. Let K be a set and ® be a cyclic decomposition of (K>, K,3) with period p > 3. Let j € Diagg,
Ce(ZIpZ)\{j,j+1,j+2}, A= m;j]? ®; and B = N2} ®;. Assume that hg > 1. Then the following hold.

(a) If O, NA+#0, then Dy NA =Dy NA=0.

(b) i NONA=D,NDp NA=0.

(c) Assume ®y N A # 0. Then ®, 2 A provided either ®; L1 Oy = K or ©p U Oy = K.

(d) If Diagg, = {j, (), then ®; = Opyn = B.

(e) IfDiagg, = {j,t} and hgop > 1, then ®p = Opyy = Dj_ = Dj3 = Band Oy = Ppp3 = O = Oy = A

Proof. (a). The assumption of hg 4 > 1 allows us to substitute s = 1 in Lemma 5.2 (e) and then find that both
A% N @y and A2 N Dy ey are empty. Since @, N A # (0, we must have ;N A = Oy NA = 0.

(b). This is immediate from (a).

(c). We see from (a) that ®,_; N A = @y N A = 0. Henceforth, ®, LI @y, = K implies &, = K \ Oy 2 A, and
O, U O,y = K implies &y = K \ O, 2 A.

(d). By definition, we have B € ®; N ®,,. So, as A = K \ B, it remains to show &, NA = Oy NA = 0.

Note that @13 N Ppjyy jao 2 A? implies ®;_; N A € ®;_; N ®; = @; in the same vein, we deduce from
D e N Ppjs,jrz) 2 A% that AN Di3CDiHrNDj3 = 0.

By virtue of Lemma 3.4 (a), {j,j+ 1,j + 2} n{{, £ + 1,£ + 2} = 0. So, our task is to verify that &, N A = 0
when £ —1¢ {j,j+1,j+2}and that ;.o N A = O when £ + 3 ¢ {j,j+ 1, j+ 2}. But Corollary 3.6 implies that
O, CK\D®, CK\B=Aand ;3 € K\ Dy, € K\ B = A. This says that we can apply (a), replacing £ by £ — 1
and ¢ + 3 respectively, and then complete the proof.

15
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(e). Recall from (d) that ®, = ®,,, = B. Taking into account £ € Diagg, and hg g > 1, Lemma 5.2 (f) then tells us
O,y = K\ ®; = A while Lemma 5.2 (g) gives us O3 = K \ Opyp = A.
Swapping the role of j and ¢, the same argument shows that ®; = ®;,, = A and ®;_; = ®;,3 = B. O

Lemma 5.4. Let K be a set, let t > 2 be an integer, and let ® be a cyclic decomposition of (K', K, t). Then it holds
ho = hoy for any x,y € K satisfying Loce(x") = Loco (") + .

Proof. Let p be the period of ®. There is nothing to prove when p = 1. We thus assume p > 1. Lethg » = ¢, hoy = ¢,
Jj = Loce(x') and j = Locg(y') = j — t. Note that

o

J JH
|_| Dpesrpri+g-11 = |_| Diee4q-11
(=j—q t=j+i—q
J
= u D p4g-11
l=j—q
- K9, (By Lemma 5.2 (f))

Consequently, Lemma 5.2 (g) allows us to get g < ¢’. By symmetry, we also have ¢’ < ¢ and so the result follows. [

Whenever we have a ground set in mind, for each subset K of that ground set, we use 1 ¢ to denote the characteristic

function of K, whose domain is the implicit ground set that the reader should have no difficulty recognizing from the
context.

Lemma 5.5. Let K be a set, let t > 2 be an integer, and let @ be a cyclic decomposition of (K', K, t) with hg s > 1 for
A = Niepy ©i # 0. Then the following statements hold.

(a) There exists a nonempty subset B of K \ A such that it holds either

K, if —(hoa-1) <i<-—1
®; = B, ifi=0
K\B, ifl <i<hoa
or
B, if —(hoa—-1)<i<0
O, ={K\B, ifi=1
K, if2<i<hoy.

(b) There exists a nonempty subset C of K \ A such that it holds either

K, if2<i<hoa
@, =1{C, ifi=1
K\C, if —(hos—-1)<i<0
or
C, if1 <i<hou
@, ={K\C, ifi=0
K, if —(hos—1)<i<-—1.

Proof. Let p be the period of ®. From hg 4 > 1, we get that p > 1. By virtue of Lemma 5.2 (d), the two statements
(a) and (b) have an apparent symmetry, which means that we only need to establish the validity of one of them, say

(a).

Let B = @y # 0. According to Lemma 5.2 (f), it follows from hgp 4 > 1 that @y LU ®; = K, andso @ # ®; = K \ B.

16
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If hg4 > 2, we know from Lemma 5.2 (f) that ®_; o) U ®@jo 1; LI @1 2) = K. Since the deflation number of @y y) in
K? is 2, Theorem 2.8 implies that one of ®_; and ®, must be K. They cannot be equal to K simultaneous, as it gives
Dr_1 01 N Dy 21 # 0. Therefore, we find that (1) holds with equality. In view of Theorem 2.8 again, by checking the
two 2-boxes ®p_j g; = P_; X Band @y o) = (K \ B) X D,, we know that either ®_; LU(K\ B) = Kor BU D, = K. To
sum up, we have either (O_;, ®,) = (K, K \ B) or (D_;, D,) = (B, K).

Case 1. (O_;,D,) =(K,K \ B).

Assume that for some integer r with 2 < r < hg 4 —1 we have known that (D_;, @,4;) = (K, K\ B) foralli € [r—1].
Let us show that (®_,, ®y4,) = (K, K \ B). Surely, whenever this can be accomplished, we have completed a proof of
the lemma by induction.

For any j’ € [-r, 1], letd; = DM(®j,...,®;,; K, ..., K). Note that
d_g =DM(®_,,..., P g K,...,K) =DM(,...,K,B,K\B,....,.K\B;K,...,K)=r—g+1
——— —————
8 r=8
for all g € (r — 1). Moreover, we have
d_, =DM(D_,,...,Dp;K,...,K) =DM(D_,.K,....K,B;K,...,K) =1 + 1¢_zx
-1
and
dy =DM(®y,..., D1 K,...,K) =DM(K\B,....,K\B,®11,,;K,....,K) =r+ Lo, 2k-

—,————

Applying Lemma 5.2 (f) for s = r+ 1 < hg 4 and j = 1, we find that |_|},=

from Theorem 2.8 that

@ 7+ = K™, Then we further infer

—r

1
1< Z 274y = o7 UHloy 20 g pmUtloe) oy (1 — 271 70Dy, (18)

i=r

As r > 2, (18) holds only if 1¢ :x = 0, namely ®_, = K. Since ®p_.o) N D114, = 0, we obtain O, # K.
Consequently, (18) holds with equality. Examining the two (r + 1)-boxes, ®[_,0; and @y 14,7, Theorem 2.8 now gives
us BU®y,, = Oy LD, = K, as desired.
Case2. (O_;,Dy) = (B, K).

To complete the proof, as in the last case, we need to show that (O_,, ®,,) = (B, K) for any r satisfying 2 < r <
hg 4 —1, under the assumption that (®_;, ;) = (B, K) forall i € [r - 1].

For any j" € [-r, 1], letd; = DM(®j,..., P, K, ..., K). Note that

d,=DM(®_,,...,D_.K,...,K)=DM(B,...,B,K\B,K,...,K;K,...,K) =g +2
N —— N———

g+1 r—-g—1
for all g € (r — 1). Moreover, we have

d_, =DM(®_,,...,Dn:K,...,K) =DM(D_,,B,...,B;K,....,K) =r+1¢_ sk
——
and
dy =DM(®y,...,P1,;K,....,K) =DM\ B,K,...,.K,.®1,sK,....,K) =1+ 1o, k.
-1
Applying Lemma 5.2 (f) for s = r + 1 < hg4 and j = 1, we find that |_|},=_r @ 7+ = K™, Then we further infer
from Theorem 2.8 that

1
1< Z 274 = 27 UH ey 20 4 9=t lo20) 4 (1 — 71 _ =¥ D)y, (19)

i—

J==r

17
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As r > 2, (19) holds only if 1¢,,,.x = 0, namely ®,, = K. Since ®_.o; N ;4] = 0, we obtain O_, # K.
Consequently, (19) holds with equality. Having a look at the two (r + 1)-boxes, ®[_,; and @y ,11}, Theorem 2.8 now
givesus O_, LU (K \ B) = O_, LI ®; = K, as wanted. ]

Lemma 5.6. Let K be a set, let t be an integer with t > 2, and let ® be a cyclic decomposition of (K', K, t). Let
Jj € Diagg, and let A = ﬂf;’;_l ®;. Ifhg 4 = 1, then there exist two nonempty subsets D and E of K \ A such that either

Dy 4, j+hon 1] = K471 X D x (K \ D)4, (20)
q)[j+z—h(|),A,j+t+ham -1 = Khea—l % (K\E)Xx Ehoa

or
Dpjongpjthos 1) = (K \ D)4 X D x Khoal, (1)
D10 jitrho -1 = E"4 X (K \ E) x KM

Proof. 1t follows from Lemmas 2.5 and 5.5. O

Lemma 5.7. Let K be a set, let t and p be two positive integers, and let ® be a cyclic decomposition of (K', K, t) with
period p.

(a) Ift > 2, then it holds 2hg 4 < t for every a € K.
(b) Ift > 3 and p > 2t, then it holds he, +he <t — 1 for every a, x € K with Loce(a') # Loce(x").

Proof. (a). Let j = Locge(a'). We only need to consider the case of hg, > 1 and so we can make use of Lemma 5.6.
If Eq. (20) holds, then we have @y} jsn,,-1] = (K \ B)"< and @yj.n,, j+—2) = K" ~!, which gives [j, j + ho, —11N
[j+t—hey j+1t—2] =0, namely either ho, = 1 or j +hgp,—1 < j+1t—he,—1. If Eq. (21) holds, then we have
(I)[_i+1,j+hm<a—|] = Khoa-l and (D[_].-Fl—hq;'u,j*-l‘—l] =(K\ C)h("'“, 1mp1y1ng [] +1, ] + hcp’a -1]1n [J +t— hq)’a, ] +t—1] = 0,
namely eitherhg, = 1l or j+he, —1 < j+¢—hg,. Because we have assumed ¢ > 2, in both cases we have 2hg, < 2.

(b). Assume, by way of contradiction, that hg , + he, > t. Without loss of generality, let hg, > he . Ast > 3,
we now conclude that hg, > 2. Let j = Locg(a’) € Diagg, and A = ﬂ{;’j’._l ®;. Note that hp 4 = hg, > 2 and p > 2.
Therefore, we can apply Lemma 5.6 and find that either Eq. (20) or Eq. (21) must hold.

Using the fact that either the first line of Eq. (20) or the first line of Eq. (21) must be valid, we shall show that

Loce(x') = j—t. (22)

Let ¥; = ®yj,,_1; for every i € Z/pZ. Thanks to the symmetry between @ and ¥ as ensured by Lemma 5.2 (d), the
fact that either the second line of Eq. (20) or the second line of Eq. (21) must be valid, which indeed are the counterpart
of the fact on the first lines there by the symmetry between ® and P, will lead to Locy(x") = Loce(x") = j—t. But we
then derive j — ¢ = Locg(x") = 2j — Locy(x') = j + t in Z/pZ, violating the assumption of p > 21.

It is clear that our goal now is to establish Eq. (22). Before moving on, we digress to make two observations.
Since Locg(x") # j, Lemma 3.4 (a) shows that

Loco(x) ¢ [j—t+1,j+t—1]. (23)
Lemma 5.2 (e), as well as t — hg x < hg 4, implies that
Loco(x") C Loce(x) + (t — hg.4). (24)

Assume first that x ¢ B. Then, Lemma 5.6 tells us that x"« € (K \ B)M« C @y j+he, 17> and hence j € Locg(xMea).
This combined with Eq. (24) shows that Loce(x') € [j — ¢ + hg 4, j], which contradicts Eq. (23).

We now see that x € B. It follows from Lemma 5.6 that x>« € B'w« C ®y;_,, 1}, and hence j—he, € Locg(x™«).
This, along with Eq. (24), gives Loce(x") € [j —ho, —(t —hoa), j — hou] = [ — £, j — he4]. By virtue of Eq. (23) in
addition, Eq. (22) is thus obtained, and so we are done. O
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6. Two lemmas on diagonal positions

This section aims to establish two constraints on the diagonal positions of a cyclic decomposition in some special
situations; see Lemmas 6.1 and 6.6. One is about the differences between elements from the diagonal positions, in
the same spirit as Lemma 3.4 (c); and the other is about the size of the diagonal positions, just like Lemmas 3.4 (a)
and 3.4 (b). Note that Lemma 6.1 has a short proof; but to reach Lemma 6.6, we will need several stepping stones
(Lemmas 6.2, 6.4 and 6.5 and Corollary 6.3).

Lemma 6.1. Let K be a set, let t be a positive integer, and let ® be a cyclic decomposition of (K', K, t). If Diagg, =
liv.ia) € ("7%), theniy —iy # 1+ 1.

Proof. LetA = ("' ®;and B = (2}'"' ®;. It follows from Diag, = {i1 i} that ALB = K. Based on Corollary 3.6,
we have ®; -1 ND;,,, = 0 and ©;,_;ND;, = 0. Hence, D; 4, € K\D;, 1,1 € K\A=Band ®;,_; € K\D;, C K\B = A.
As both @; ,, and ®;,_; are nonempty, the disjointness of A and B then illustrates that i; + ¢ # i, — 1, or equivalently,

ip—1ip #t+ 1. O

Lemma 6.2. Let K be a set, let t and p be integers with min{t, p} > 2, and let @ be a cyclic decomposition of (K', K, t)
with period p. Let I C Z/pZ be a set suchthat{i € I : i — j € {t — 1)} # O holds for every j € Z/pZ. Then, there
exists a map « from I to 7 such that Y;c; aile, = 1 € RX,

Proof. As we demonstrate in the proof of Lemma 3.4, there is no loss in assuming that |K| < co.

Let G = Z1k N (i Z1,), which is a cyclic subgroup of 72" under vector addition. Let g1l be the generator of
this group G. If g € {+1}, then we are done. Otherwise, we can take s to be the smallest prime factor of g. Note that
s =2 when g = 0. We now proceed to derive a contradiction.

It is clear that 1 € Spany,;(le, : i € I) only if 7 = 0 (mod s). As a result, there exists a Z/sZ-linear function
f from (Z/sZ)X to Z/sZ satisfying

FAD =D fl) (25)
acA
forevery A C K, f(1g,) =0 foreveryi € I, and f(1g) # 0. For every j € Z/pZ, we have
JjHt=1
[T rae,)=0. (26)
=i

simply due to the existence of i € I with i — j € (¢t — 1). Since @ is a cyclic decomposition of (K’, K, f) with period p,

from Egs. (25) and (26) we derive f(1g)' = ;7:1 Hf:l f(1e,) = 0, contradicting the fact that f(1x) # 0. O

Corollary 6.3. Let K be a set, let t be an integer with t > 2, let £ € 7/(3tZ), and let ® be a cyclic decomposition
of (K', K, t) with period 3t. Then we cannot find a partition of K into three nonempty subsets A, B and C such that
(©¢, pyr, Parie) = (CUB,ALC,BUA).

Proof. Assume otherwise that the three sets A, B and C with the required property can be found. By Lemma 6.2,
there exists,B € 710421 suchthat 14 + Ig + ¢ = 1g = Zie{O,t,Zt] ﬁ,‘]l(b”[ = (BZI +,8t)]lA + (ﬂo +ﬁ2f)]lB + (ﬁl +ﬁ0)]1c.
Since A, B, C are all nonempty and pairwise disjoint, an easy parity inspection on the values of 8 says that this is
impossible. O

Lemma 6.4. Let K be a set, let t > 3 be an integer, and let ® be a cyclic decomposition of (K', K, t) with period 3t
and Diagg, = {1,t+ 1,2t + 1}. Let A = ﬂ;zl D; # 0 and g = hg 4. Assume that q € [t — 2] and that

Dpor-g+1,204q1 = (K\ DY x DX K77, 27)
where D is a nonempty proper subset of K. Then the following statements hold true.
(a) The set Locg(a'=%") \ [q + 2] is contained in Y for all a € A, where Y = {2t + 1,1 + 2} U {2t + 2,1 + g + 2).

(b) If ®y ) NA # 0, then Loco(a™97") \ [q + 2] C {2t + 1, + 2} for all a € A.
19
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(c) If @y NA # 0, then Loco(a™ T )\ [g+2]1 C {2t +2,t+ g + 2} forall a € A.
(d) It holds either @y, N A # 0 or ©y,.1 N A # 0, but not both.

Proof. (a). By Lemma 5.2 (b) for j = 1, it actually happens that
Loco(@ 7"\ [g +2] # 0. (28)

Let us arbitrarily choose an element
0, € Loco(a™ 71\ [¢ + 2]. (29)

Let It = [g+21,12 =[g+3,¢t+ 1,2 =[t+3,t+qg+11,I* = [t +q+3,20,2 = [2t + 3,2t + g + 1] and
I = [2t + g + 2,31], where I2, I* and I2 should be read as ® when ¢ = 1, ¢ = t — 2, ¢ = 1, respectively. Note that
B=RUPU{t+2QJUBU{t+g+2JUIFU{2t+ 1,2t +2JURP U =YUILUZULB UI*U P U IS In order to
derive 6, € Y, it suffices to demonstrate that 6, ¢ L UIZU R U AU 2 U [°.
From 6, € Loco(a'~?"") we deduce that
D4 NAD{a) # 0 (30)

for all i € (t — g —2). By Lemma 5.2 (b) for j = 1, we have Loce(ba'7"") C 1 + {g) = [¢ + 1] and Locg(a™97'h) C
1+{(q) =[g+1] forall b € A. It then follows from 6, ¢ [g + 2] that 6, — 1 ¢ [¢ + 1] 2 Loce(ba™9"") and
0, ¢ [q +2] 2 Loce(a’~97'b) for all b € A. Taking into account 8, € Loce(a’"9"!) again, we see from them that

q)g”_] NA=0and (D«%H—q—l NA=0, 31

respectively.
It follows from Eq. (29) that 6, ¢ I1. In view of Eq. (29) and g < ¢ — 2, an application of Lemma 5.2 (a) with j = 1
and s = g + 1 leads to 6, ¢ I2. According to Eqgs. (30) and (31), we have a € Dy, +1-g-2 \ Pg,+1-¢-1, and hence

Dy, +1-g-2 # Py 41-g-1- (32)

By Eq. (27), it holds that ®y,_4,; = --- = @y = K \ D, which together with Eq. (32) claims that it is impossible to

have {6, +t—q— 2,0, +t—q— 1} C [2t — g + 1,2t]. This implies that 6, ¢ I2. Applying Corollary 3.6 with i = 2¢ + 1
yields @y, N Dy =0 2 {a}. Henceforth, Eq. (30) tells us that

O+t —q—2) 221,21 + 1}. (33)

If I* # 0, we would have ¢ € [t — 3] and thus

ﬂ(i+(r—q—2)) ={2t,2t + 1}. (34)
iel*
Putting together Egs. (33) and (34), we see that 6, ¢ JES Eq. (27) tells us that @y, = --- = Oy, = K. But a look

at Bq. (31) also gives ®y,_; # K, which then leads to 6, ¢ I2. It follows from Eq. (31) that @ # A = A\ Dy, 4—g-1 =
(Nierg @)\ Dy, +1—g-1. Therefore, it holds that 6, +7—g—1 ¢ [t] (mod 3¢), showing that 6, ¢ [2t+g+2,3t+g+1] 2 e
This completes the proof of (a).

(b). If @y NA # 0 holds, then Eq. (31) shows that 6, — 1 # 2r+ 1 and 6, +t — g — 1 # 2t + 1, hence
0, ¢ {2t + 2,t + g + 2} follows. This along with (a) and Eq. (29) gives (b).

(c). If it holds @5, N A # 0, then Eq. (27) tells us that @y NA = --- = ®p,NA # (0. A comparison with Eq. (31)
givesus 6, — 1 #2tand 6, +t—qg—1 # 2t + 1 — g, namely 6, ¢ {2t + 1, + 2}. Utilizing (a) and Eq. (29) additionally,
we now obtain (c).

(d). Since ¢ > 1, Lemma 5.2 (f) implies that @y, Ll @y, = K 2 A. From g € [t — 2] and t > 3 we see that
{t+2,2t+ 1} and {t + g + 2,2t + 2} are disjoint subsets of [3¢], and so can be viewed as disjoint subsets of Z/(3¢Z) as
well. Therefore, thanks to Eq. (28), a combination of (b) and (c) proves (d). O
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Figure 4: The cyclic decomposition ® appeared in Lemma 6.5 and in Case 2 of the proof of Lemma 6.6.

Lemma 6.5. Let K be a set, let t be an integer with t > 3, and let ® be a cyclic decomposition of (K', K, t) with period
3t. Let us assume that Diagg, = {1,t + 1,2t + 1} and that he . takes a constant value q € [I_%J] C [t - 2] forall
x € K. Let A = (i @i B = Niepr1.201 Pir and C = (Nigpare1 31 Pi» which surely constitute a partition of K into three
nonempty subsets. Let Dy, D,, and D3 be three nonempty proper subsets of K such that

Dy g1 = (K\ D) X Dy X K47 @p_gi140g1 = (K \ D2)? X Dy X K471, @py_g1214g) = (K \ D3)? X D3 x K9, (35)
A pictorial description of © is given in Fig. 4. The following statements hold true.

(a) (D1, D11, DPoyr1) = (D1,D2,D3) # (AL B,BUC,C UA).

(D) (®1, @11, Pars1) = (D1, D2, D3) # (A,BUC,CLA).

(¢) (@1, Pps1, Poyv1) = (D1, D2, D3) # (A, BUC, C).

(d) (@1, Dsy1, @os41) = (D1, Dy, D3) # (A, B, O).

Proof. (a). If (D1, D>, D3) = (AUB, BUC, CLUA), we can read from Eq. (35) that (O, @4, P241) = (AUB, BUC, CLIA),
violating Corollary 6.3.
(b). We assume by way of contradiction that (D, D,, D3) = (A, BU C,C I A). Then Eq. (35) tells us that

Dpi—gq = (CUBY! X AX KT ®p_gr1 o) = ATX (BUC) X KT ®pr_gi1 e = BI X (CLA) XK' (36)

Pick a € A, and we aim to show that Locg(a'~7"") \ [g + 2] = 0, which contradicts Lemma 5.2 (b). By Eq. (36),
we have @y, NA = (CUA)NA = A # 0. Note that g € [t — 2], and that Eq. (35) implies Eq. (27). Therefore, we
can apply Lemma 6.4 (b) and derive that Loco(a™ )\ [g+2] C {t+2,2t + 1}. To complete the proof, we need to
demonstrate that neither 27 + 1 nor 7 + 2 falls inside Locg(a’971).

For this purpose, we should pay attention to the subsequent easy consequences of Eq. (36):

D31-g30 N Ppratregen 2(C X (CUB)N(BUC)X KT xB)=Cx(BUC)""' xB#0, (37)

Dpoi—ge121 N Ppstvg) = BIN(BUC) X K9™') = BI £ 0. (38)

Note that we have used ®3,_, 2 C and that ®,,,,; 2 B in Eq. (37).
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Observe that O = ®p314131 N Ppgr2,rigi1] = (Ppare130-g-11 N Ppgra)) X (Ppar—g.319 N Pprv1,144+17)- In light of Eq. (37),
it holds @ o141 31—g-1] N Ppgs2,1 = 0. Therefore, from a7~ € @(,., we then infer that @’ 4~! ¢ D41 3-4-1), namely
2t + 1 ¢ Locg(a'™7!).

Finally, let us consider

0 = Op22141) N Ppgr2,14g+11 = (Ppa2,21-g1 N Prga2,1) X (Ppai—g+1,20] N Pprrtrag) X (Porg1 N Drygin).

In light of Eq. (38), this results in

0 = (Opr4220-g) N Ppga2.) X (Pors1 N Prygir)- 39
Note that
a1 'e Opyi2nanda € BUA = Oypy . (40)

As the last step of the proof, let us assume ¢ + 2 € Locg(a'~%"") and derive a contradiction. It follows from ¢ + 2 €
Loce(a'~?") that
a™ " € Opirnig, (41)

and hence, as t + g + 1 € [t + 2,2t — ¢q], we obtain
ae (I),+q+1. (42)

By Egs. (40) to (42), we have a"™? € (®p1221-g) N Pge2.7) X (@241 N DPrige1), Which is a desired contradiction with
Eq. (39).
(c). Assume by way of contradiction that (D, D», D3) = (A, BU C, C). Then it follows from Eq. (35) that

Dp1_gq = (CUBY X AX KT, ®p_yi1 10 = ATX (BUC) x K97" and ®pyy—gi1210g) = (BUA)! X C X K771, (43)

Case 1. Itholds g = 1.
Let ¥; = ®_; for all i € Z/(3tZ). Then ¥ is a cyclic decomposition of (K’, K, r) with period 3r. Moreover, we
have
N¥= ) @=c () %= () =5 () %=[|n=4
i€(t] i€[2t+1,3¢] i€[t+1,21] i€[t+1,21] i€[2t+1,3¢] i€[t]

and
Wlo1 = @1 X Py = AX(CUB),¥Yprs41) = Opp1 X Oy = (BUC) X A, Wrr41] = Pt X O = C X (BU A).
Therefore, ¥ satisfies Eq. (35) with (D1, Dy, D3) = (C, BU A, A LI C), violating (b).

Case 2. Itholds g > 2.

Picka e A. Since2 < g<t-2and ®;,NA =(BUA)NA = A # 0, we can apply Lemma 6.4 (¢) to find that
Locg(a'=2" 1)\ [q+2] C{2t+2,¢t+ g + 2}. We proceed to show that Loco(@™ 9™ YN {2t+ 2,1+ q + 2} = 0, which will
be a desired contradiction with Lemma 5.2 (b) for j = 1.

Because of @441 2 B and g > 2, we can infer from Eq. (43) that

Dpor—gr12041] N Ppog) = (BUAY XC)N((CUB)XAXKT) = BXAX (BUA)™? xC #0, (44)
Drs114g+1] N Ppog) 2 (BUC) X KT'x B)N(CUB) X AX KT ") = (BUC)xAX KT x B #0. (45)

Notice that () = (D[2l—q+1,3t—q] N CD[()J_]] = ((D[ZZ_q+1,2f+]] N (I)[(),q]) X ((D[2z+2,3t—q] N q)[q+1,z—1])~ In view of Eq (44), this
implies D142 3-g1 N Ppg+1,-17 = 0. Since a1l e A1 ¢ Dig+1,-11, We then conclude that a1l ¢ D(2/42,3—q, that
is, 2t + 2 ¢ Locg(a™™271).

We further observe that O = @127 N Pros—17 = (Pprs1,14g+11 N Po,g1) X (Prig+2,29 N Ppg1,4-17). This together with
Eq. (45) says that O 44221 N Pgs1,-17 = 0. Using a1 e ®p441,-1] again, we obtain a~il ¢ D(14442,21, resulting in
t+q+2 ¢ Locg(a"7"), as wanted.
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(). If (D1, D2, D3) = (A, B,C), then we will infer from Eq. (35) that (@, @, ®») = (C L B,A U C,B U A),
contradicting Corollary 6.3. O

Lemma 6.6. Let K be a set, let t > 3 be an integer, and let ® be a cyclic decomposition of (K', K, t) with period 3t.
Then |Diagg| # 3.

Proof. Suppose, for the sake of contradiction, that |Diagg| = 3. According to Lemma 3.4 (a), we have Diagg, =
{€, 0+ t,{ + 2t} for some ¢ € Diagg. There is no loss of generality in assuming Diagg, = {1,#+ 1,2¢ + 1}. We put
A=N_ ®,B= ﬂfim ®;, and C = ?:tzm ®;,. Clearly, it holds A LI B LI C = K and none of A, B, and C is empty.

By Lemma 5.4, there exists g € Ny such that hg , = ¢ for all x € K. It follows from Lemma 5.7 (b) that 2g < — 1.

Dz D3 o Dy Dorv1
I I
I I
I
I I
t—1 H H
L&
I e e— |
t=1 |
| | o D LI O
I I | |
I I I I
o+ —————————————+» |
I [P Y
| - 1 ‘ : :
! —————o [ S E—Y
S ~
t—1 t
(a) All (r — 1)-intervals in Z/(3¢Z) that intersect {27, 27 + 1}. (b) All t-intervals in Z/(3tZ) ending at {t, 1 + 1}.

Figure 5: Case | of the proof of Lemma 6.6.

Casel. g=0.
Because A X --- X AXA C D gand AX -+ X AXB C Dy 4417, we know that A X - - - X A X(A U B) is disjoint from
N———— N————— N—————

-1 -1 =1
Ui6[3t]\[2] (I)[i,ithfl]' ThlS means that

Loco(@™) C [t +2,2t + 11U [2] (46)

is valid for all a € A. Corollary 3.6 asserts that ®y;.; N Dy = @y N D, = 0. Since Oy UDy 2 CUB =K\ Aand
D, UD, 2 BUA = K\C, afurther application of Lemma 5.2 (f) then demonstrates that we can find a € A\ (P, UDy1)
and c € C \ (@, U ®,,;). It follows from a € A \ (P2, U @y,,1) that Loce(a’~'c) ¢ [t + 2,2t + 1]; see Fig. 5(a). On the
other hand, it follows from ¢ € C \ (®, U ®,,) that Loce(a’"'¢) ¢ [2]; see Fig. 5(b). These two observations show us
that Loco(a’~'¢) ¢ [t + 2,2t + 1] U [2]. But we surely have Loce(a’"!¢) € Locg(a'™"), thus yielding a contradiction
with Eq. (46).
Case2. 1<¢g< %
Let¥; = @,y _; for all i € Z/(3tZ). By virtue of Lemmas 5.2 (d) and 5.6, we may, via replacing ® with ¥ when
necessary, always assume that ® satisfies Eq. (21) for all j € Diagg,; we depict a picture of @ in Fig. 4. Especially, we
have
DOy LDy = O, L Dpyy = Oy LI Doy = K. 47

By the symmetry among the three elements 1, # + 1, and 2¢ + 1 of Diagg, Lemma 6.4 (d) indeed demonstrates the
following:

(i) It holds either ®, N C # @ or ®,.; N C # 0, but not both;
(i) It holds either ®y N B # @ or ®; N B # (, but not both;
(iii) It holds either @5, N A # 0 or @5, N A # (, but not both.

In light of Eq. (47) and (i) to (iii), and that A € ®; N ®,, B € @) N Dy, and C S Dy N O3, we then have
(D1, Dpy1, DPo+1) € {AU B, A} X {BUC, B} X {C U A, C}. There are four cases to consider, depending on the value of
1pco, + Leco,,, + Lacao,,,» which may be 3,2, 1 or 0. Let ¥; = @y, and Z; = 4o, for all i € Z/(3¢Z). By replacing
@ by ¥ or E if necessary, these four cases are dealt with already in Lemmas 6.5 (a) to 6.5 (d), respectively. Indeed, as

we know from Lemma 6.5, they are all impossible, thus completing our proof. O
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7. Possible periods < 4¢ — 1 of ¢-hydras

Definition 7.1 (Three projections of U). For any (¢, p) € N x N, designate by S(z, p) the set of positive integers k
such that there is a cyclic decomposition of ([k]’, [k], £) with period p, namely S(¢, p) = {k € N : p € P(k,1)}. For
any (p,k) € N x N, designate by 7 (p, k) the set of positive integers ¢ such that there is a cyclic decomposition of
([kY', [k], t) with period p, namely 7 (p.k) = {te N: p e P(k,t)} = {r e N: k € 8(¢, p)}. We may think of P, S, T as
three projections of U N N3 along its first, second and third axes, namely the period-axis, space-axis and time-axis.

Lemma 7.2. S(3,9) = 0.

Proof. Assume for a contradiction that there exists a set K and a cyclic decomposition ® of (K>, K, 3) with period 9.

Up to translation, we may assume that 1 € Diagg,. Combining Lemmas 3.4 and 6.6 yields that Diagg, = {1, x} for
some x € {4,5,6,7}. Lemma 6.1 excludes the possibility of x € {5,6}. As a result, we have Diag,, € {{1,4},{1,7}}.
After making a reflection, if necessary, we may assume that Diagg, = {1,4}.

We set A = ﬂle ®; and B = ﬂ?:4 @,;. We apply Corollary 3.6 for i = 1 and i = 4, respectively, and then find
that ®; C K\ ®g C A and @y C K\ ®; C B. This means that ®; X ®g C A X B C (D, X Dy) N (D3 X O5). Since
Dy X D3 X Dy, D3 X Dy X D5 and ;7 X g X Dy are pairwise disjoint, we conclude that @g = DgNK = DgN(D;UD,4) = 0,
which is absurd. O

Lemma 7.3. S(3,10) = 0.

Proof. We assume the opposite, that there is a cyclic decomposition ® of (K3, K, 3) with period 10 for some set K. In
view of Lemma 3.4, we may, up to translation of @, consider only the following four cases.

Case 1. Diagg, = {1,4}.

We set A = ﬂf’zl ®; and B = ﬂ?:4 ®@;. It follows from Corollary 3.6 that @3 N @4 = (), and so we have @3 LI &y =
AL B = K. Applying Lemmas 5.2 (f) and 5.2 (g) for j = 4 and j = 1, respectively, we thus find that hg 5 > 1 and

hp 4 > 1. This enables us to get ®; = ®; = A and O = ®jp = B from Lemma 5.3 (e). According to Lemma 5.3 (a),
O yNB +# Pleadsto Py € K\ B=Aand ®; N A # () leads to g C K \ A = B. At this moment, we see that
(D[ﬁ!g] N (D[g,]o] = (Dg N Dg) X (D7 N Dg) X (Bg N D) = Dg X g X Dg # O, which is ridiculous.

Case 2. Diagg, = {1, 5}.

By Lemma 6.1, this case will never occur.

Case 3. Diagg, = {1, 6}.
Weset A = ﬂ?zl ®; and B = ﬂ?zé ®;. Obviously, it holds ALI B = K. By symmetry, let us assume that hgp 4 < he p.
Ifhg4 > 1, Lemma 5.3 (e) claims that @5 = g = O = Oy = B and @5 = g = ¢; = O3 = A, which means that
D351 =A X BxXA = D), violating the definition of a cyclic decomposition.

Let us move on to the case of hg 4 = 0. Corollary 3.6 shows that
O, Nd;, =0forallice{3,5,8,10}. 48)

Especially, we have ®9 C K\ @3 € K\ B = A. Pick a € ®¢9 C A arbitrarily. Note that 7 ¢ Loce(a?) as it would
imply @ e D791 N Dy 31. From Eq. (48) we can read ®s N O = 0 and so @5 € K\ &g € K \ B = A. Therefore, a
consequence of 6 € Locg(a?) is that @(s7) NPy 3 2 ®sXa® # 0, which is impossible. Moreover, a direct consequence
of Eq. (48) is that Locg(a®) N {3,5,8, 10} = 0. Due to hgp4 = 0, Lemma 5.2 (e) asserts that Locg(a?) \ [2] # 0. Take
¢ € Loco(a®)\ [2]. By now, we have seen that £ € {4,9} C Z/10Z. The assumption of £ = 4 leads to a’ € Dp351N Dy 39
and the assumption of £ = 9 leads to a* € @9 13 N @[ 3, neither of which is compatible with the definition of a cyclic
decomposition.

Case 4. Diagg, = {1,4,7}.
We set A = ﬂ?zl ®;, B = ﬂ?=4 ®;, and C = ﬂ?:7 ®;, which surely form a partition of K. Lemma 5.4 shows that
he . takes a constant value g for all x € K. We claim that

g>1. (49)
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By Corollary 3.6, it holds
O, N D; =0forallie(3,6,9,10}. (50)

Especially, we have ®¢ N ®; = (). Therefore, applying Lemma 5.2 (f) for j = 7, (49) is equivalent to @ U ®7 = K.

Assume, on the contrary, that Eq. (49) fails. This means that @ # K\ (®sU®;) € K\ (BUC) = A and hence we can
finda € A\ (Ps U ®7). By Lemma 5.2 (e) for j = 1, it also follows from g = 1 the existence of an £ € Loce(a?) \ [2].
Note that a ¢ ®¢ U ®7 ensures that € ¢ {5, 6,7}. In light of Eq. (50), it holds

£ ¢1{3,6,9,10},
0=D3N Dy 2 AN Dy, 5D
and
Do S(K\NDP)N(K\Dg) C(K\NA)N(K\C) =B. (52)

It is direct from Eq. (51) that £ # 4. We infer from Eq. (52) that ®; 2 B 2 @y and hence @4 N Ojg = Dy # 0.
By virtue of @[2,4] N (D[gyl()] = 0, we then further derive (A X A) N @[8!9] C (D[2’3] N (D[&g] = 0, which giVCS ¢+ 8. To
conclude, we have now excluded the possibility of £ = x for all x € Z/10Z, which is a contradiction. This ends the
proof of (49), as wanted.

Thanks to Lemma 5.2 (f) for j = 1, (49) tells us that ®;o L ®; = K. Since 0 € (Z/10Z) \ {4,5, 6}, we see from
Eq. (52) and Lemma 5.3 (c) that
@,y = B. (53)

Applying Lemma 5.2 (f) for j = 1 and Lemma 5.2 (g) for j = 7, respectively, we know from Eq. (49) that
(DlzK\(D]():AUC and (D9=K\(I)1()=AUC. (54)

Having Eqgs. (49) and (54) in hand, it follows from Lemma 5.3 (a) that ®g N A = 0. In addition, Eq. (54) also shows
that ®; N @9 2 C and @9 N ®;; = A U C, which allows us to conclude from Eq. (53) and ®p79; N Ppg 117 = O that
0 = ®g N Dy = g N B. Therefore, it holds that C € &g C (K \ B) N (K \ A) = C, proving that ®g = C. The same
conclusion surely applies to the map ¥ with ¥; = @_; for all i € Z/10Z, giving us ®, = Yg = A. Accordingly, we
arrive at

O3 U D, = CUA. (55
In view of Eq. (50), we have @3 N @4 = ®g N O; = O, and therefore @3 N B = @ and B N ®7 = (. Considering that
B= ﬂ?:4 ®@;, this along with Egs. (53) to (55) shows that Locg(b) = {4,5, 6, 10} for all b € B. By Lemma 2.4, we thus
obtain

|_| Dpiin) = K2 (56)

i€(5.6,7,10}

For all i € Z/10Z, let d; = DM(K, K; ®;, ®;,1) and observe that d; = 2. As }c56.7.10) 274 = 1, it follows from
Theorem 2.8 and Eq. (56) that, for the pairs (©7, g) and (P, P,), we should have either &7 = K\ @) or &g = K\ ©,.
However, Eq. (54) says that &7 N @y = ®; N (AU C) 2 C # 0, whereas Eq. (55) asserts that dg U d, = CUA # K.
This contradiction then completes the proof. U

Lemma 7.4. S(3,11) = 0.

Proof. For the sake of contradiction, suppose there is a cyclic decomposition ® of (K3, K, 3) with period 11 for some
set K. Up to translation of @, Lemma 3.4 allows us to restrict our attention to the following five cases.

Case 1. Diagg, = {1, 5}.
This is impossible by Lemma 6.1.

Case 2. Diagg, = {1,4}.

We set A = ﬂf’zl ®; and B = ﬂi6=4 ®;, which together form a partition of K. From Corollary 3.6 we deduce
that ®y € B and ®; C A. We next see from Pz N Pjpo; = 0 that g € B. We further examine the fact that
D791 N D351 = 0 and can tell from it that @9 C A. Finally, for the value of @;g, O571 N Dpi0,121 = O requires Oy C A,
while @9 117 N D241 = O forces @y C B; see Fig. 6(a). This is the desired contradiction.
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Figure 6: Case 2 and Case 3 in the proof of Lemma 7.4.

Caske 3. Diagg, = {1, 6}.

Let A = ﬂ?;l ®; and B = ﬂ?zé ®@;, which together form a partition of K. Corollary 3.6 shows ®y C B,®4 C B,
®s C A and @9 C A. Therefore, from @791 N Dyio,12) = O we derive @19 C A, while from Djgo; N Drg o) = O we get
@y C B; see Fig. 6(b). This implies @1y = 0, in conflict with the definition of a cyclic decomposition.

Case 4. Diagg, = {1,4,7}.

By Lemma 5.4, hg , takes a constant value for all x € K, say g. Let us partition K into three nonempty sets,

Aiﬁd)i,Biﬁd)i, and Ciﬁd)i (57)
i=1 i=4 i=7

It follows from Corollary 3.6 that
OyNO =D3N Dy = Dg N D7 =Dy N Dy = 0. (58)

Case4.1. ¢ =0.

Recall from Eq. (58) that &g N ®; = 0. Hence, in view of Definition 5.1, g = 0 along with 7 € Diag, means that
BUC C ®g U D; C K. This allows us to take a € A \ (g U @7). From a ¢ g U ®; we obtain 5,6,7 ¢ Locg(a?).
From Eq. (58) we derive {3,6,9,11} N Loce(a?) = 0. Taking into account @ = @y 33 N Dpyo,121 = P13 N P51, we
see that 10,4 ¢ LOC@(az). By virtue of A € @3, B C ®4,C C Dy, it holds Pjg = ;g N K = O N (O3 U Oy U Dy).
Observe from Eq. (58) that @9 N @15 = (), which shows that either @y N @3 # @ or P19 N D4 # O. Considering that
D501 N Pp131 = Pps10) N Ppogg = 0, we now conclude that either Do) N Do) = 0 or Dz01 N Ppa3) = (. Since
a* e D121 N D235, we thus find that 8 ¢ Loce(a?). The above analysis shows that Loco(a®) \ [2] = 0. But, by
Lemma 5.2 (b) for j = 1, we have Locg(a?) \ [2] # 0. This is a desired contradiction.

Case4d.2. g> 1.
Since g > 1, it follows from Lemmas 5.2 (f) and 5.2 (g) that

Oy D = D3 LDy = Dg LI D7 = Dy LI Dy = K 59)
applying Lemma 5.3 (b) for £ = 10 and j € {1,4,7} gives ®10N DO NA =D ;yND®;; NB =D oND;; NC =0, namely
DN Dy =0; (60)
while applying Lemma 5.3 (b) for £ = 8 and j € {1, 4} gives
CCONOsCK\NAUB)=CandCC P3NPy C K\(AUB)=C; (61)
and applying Lemma 5.3 (b) for £ = 2 and j € {4, 7} gives

ACO N®, CK\(BUC)=AandAC D, NdD; CK\(BUC) = A. (62)
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An application of Lemma 5.3 (c) and Eqgs. (57) and (59) leads to

(63)

®, €{A,AUB,ALC),®yc{BUC,C,B),d; € {A,ALC),d, € {BUC,B),
D¢ € (B,BLUA}, D7 € {CLUA,C),®9 € {C,CUA,CL B}, Dy € {ALB,B,A}.

EqS. (59) and (60) 1mpl1es that @1] cK \ (Dl() = (1)9 and (D]O cK \ (Dll = (Dl. Thanks to (D[g,]]] N (D[Q,z] = ( and
D3.101 N Dpi0,12] = 0, this allows us to get

Oy N Dy =0 and g N Dy = 0, (64)

respectively. It follows from Egs. (59), (61), (62) and (64) that

(65)
Og = Og N (Dg LI D) = (Dg N Dg) LI (Pg N D) = DPg N Dg = C.

{‘Dz =0, N @yUD) =D, NDOYYUD, ND) =D, ND; =A,

Comparing Egs. (60) and (63), we see that either @19 = A or @y = C. Up to replacing ® by its reflection ¥ with

Y, = @y, forall i € Z/11Z, we may assume that @y = C happens. In view of Egs. (59), (63) and (65), we can depict

the current situation in Fig. 7, from which we can see that Locg(aba) € {3,5} foranya € Aand b € B. Foranya € A

and b € B, from Locg(aba) = 5 we will easily deduce aba € @3 51N D5 7}, which is absurd. Therefore, Loce(aba) = 3

for all (a,b) € A X B. This then tells us that A C @5 and then ®; = C. By Eq. (59), ®; = C gives O = BLI A, and

sodsNPsNAD2AN(BUA)NA = A. Finally, by Lemma 5.3 (b), it should happen ®s N ®s N A = 0, which is the
required contradiction.

c
I AUB
{A,B.AUB) 0 ¥
C,CUA,CUB P10 &,
,CUA,CU .
{ }s% o,
c=0s D3 e (A, AUC)
q)7 q)4
c.cual @ @5 S{BBUC
m
{B,BU A}

Figure 7: Case 4.2 in the proof of Lemma 7.4.

Case 5. Diagg = {1,4,8}.
We set A = ﬂ?zl D, B= ﬂ?=4 ®; and C = ilfg ®,. Corollary 3.6 implies

O, ND; =0forallie(3,6,7,10,11}. (66)
As a consequence of Eq. (66), we have
D7 C(K\Dg)N(K\Ds) CA (67)

and
Dy C(K\D)N(K\ Do) CB. (68)

Case5.1. hgpa > 1.
It follows from Lemma 5.4 that hg g = hgp 4 > 1. This enables us utilize Lemmas 5.2 (f) and 5.2 (g) and find that

DI D7 = K, Oy LD =K, and O; LU D, = K. (69)
Having in mind Egs. (67) and (68) additionally, the first two equalities in Eq. (69) yield

DN D =K\ (D;UD) 2K\ (AUB) =C. (70)
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We also read from Eq. (68) that ®s N @y 2 BN Oy = Oy # 0. Since D6 N Ppi0,12; = 0, this along with Eq. (70)
shows that ) = @4 N ©1yp 2 O4 N C, and thus O4 N C = @. The third equality in Eq. (69), combined with &4 N C = 0,
then gives

DgNd; =DgN(K\Dy) 2C. (71)

Recall from Eq. (67) that

O;NO, DD7NA =D (72)
At last, we conclude from Eqs. (70) to (72) that g8 N Py 31 2 C X ©7 X C # O, which is a contradiction.
CasSE 5.2. hcpA =0.

Pick a € A. As we have hgp 4 = 0, Lemma 5.2 (e) guarantees the existence of £ € Loco(a?) \ [2]. It follows from
Eq. (606) that £ ¢ {3,6,7,10,11}, and that 0 = ®; N &4, 2 A N @4, which gives £ # 4. By Eq. (67), we tell from
D13 N Dps7) = 0 and Oy 33 N Dp79) = O that £ # 5 and £ # 8, respectively. To sum up, it only remains the possibility
of £ = 9. For any b € @, { = 9 together with Eq. (68) would imply a*b € D241 N Drpo,11;. This contradiction ends the
proof. O

Lemma 7.5. S(4,12) = 0.

Proof. Let K be a set and let ® be a cyclic decomposition of (K*, K,4) with period 12. Let us work towards a
contradiction.

By Lemma 3.5 (b) and Theorem 2.11, we have ®* > 3 and ®* < |log,(12)] = 3, respectively. Hence, the deflation
number of @ is exactly three. In view of Lemma 2.5, we may thus assume that ®; = K if and only if i € {3,7, 11}.
By Corollary 3.6, we then obtain Diagg, N{3,7, 11} = Diagg, N{0,4, 8} = 0. Up to equivalence, there is thus no loss of
generality in assuming that 1 € Diagg,. Furthermore, we can apply Lemmas 3.4 and 6.6 and find that |Diagg| = 2 and
that 1 € Diagg, C {1,5,6,9}. Since 1 € Diag,, it then follows from Lemma 6.1 that Diagg, € {{1,5},{1,9}}. Let ¥ be
the reflection of @ such that ¥; = ®,_; for all i € Z/127Z. Replacing ® by W if necessary, we can always assume that
Diagg = {1,5}.

Set B = m?:s ®; and C = ﬁ?zl ®;. Utilizing Lemma 3.5 (a) for i = 5 and j = 2 yields j; € ®2 = {0, 1,3} such
that ®7,; N B = 0. Since B C ®; N ®g, we must have j; = 3 and thus ;o N B = @ follows. We continue to apply
Lemma 3.5 (a) for i = 1 and j = 3 and then get the existence of j, € (Dl< = {0, 1, 3} such that ®;_3,;, N C = 0. Since
Dy =0y = K2 Cand O_p3 = O 2 C, we must have j, = 0 and thus ®;o N C = (. We have seen now
O yNB=0;yNC =0.But BUC = K, and so @,y = 0 follows, which is a contradiction. O

Lemma 7.6. S(6,18) = 0.

Proof. Let us assume that the statement is false, namely there is a cyclic decomposition ® of (K®, K, 6) with period
18 for some set K.

By Lemmas 3.4 (b), 3.4 (c) and 6.6, we have |Diagg| = 2. Up to a possible translation of ®, we may assume that
Diagg, = {1, ¢} for some ¢ € [2, 10]. From Lemmas 3.4 (a) and 6.1 we then conclude that

Diag,, € {{1,7}, {1,9}.{1, 10}}. (73)

By Lemma 3.5 (a) for (i, j) = (1, 1), there is a j; € ®L C (5) such that j; —5 = j + j; —t € ®L C (5). This forces
Jj1 = 5. Note that Corollary 3.6 has ensured that 0 € ® L Thus, we indeed have

{0,5) c @ (74)

By applying Lemma 3.5 (a) for (i, j) = (1,2), we find the existence of a j; € ®. C (5) satisfying j; —4 = j+ j, —t €
(I)L C (5). Therefore, it holds j; € {4,5}. As {4,1} = {4,5 — 4}, we see that

4,1} n oL 0. (75)

Applying Lemma 3.5 (a) for (i, j) = (1,4) yields some j; € ®L C (5) such that j; —2 = j+ j; —t € ®L C (5). It
follows that (j; — 2, j1) € {(0,2),(1,3),(2,4),(3,5)}, and hence

2,3} N @L #0. (76)
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Theorem 2.11 asserts % < [log,(18)] = 4. This combined with Eqs. (74) to (76) shows that ®* = 4 and (5) \ ®. €
{{4,2},{1,2},{4,3},{1,3}}. By Definition 2.1 and Lemma 2.5, we have

{3,5,9,11,15,17},  if (5)\ ®L ={
{2,3,8,9,14,15),  if(5)\ ®L = {
{4,5,10,11,16,17}, if(5)\ ®L ={

={

4,2},
1,2)
4,3},
1,3)

ieZ/18Z: ®; =K} = ' a7
{2,4,8,10,14,16}, if(5)\ ®L , 3}
Moreover, Corollary 3.6 and Egs. (73) and (77) demonstrate that
{1,7}, if (5)\ ®L = (4,2},
1,7}, if (5)\ ®L = (1,2},
Diagg = {1,7} f()\ < {1,2} 78)
{1,7}or {1,9}, if (5)\ @_ ={4,3},
(1,7}, if (5)\ @ = {1,3}.

Egs. (77) and (78) allow us to divide our further analysis into the following five cases.

Case 1. ®L =1{0,1,3,5} and Diagg, = {1,7}.

We set A = ﬂ?zl ®; and B = 01-137 ®;. By applying Lemma 3.5 (a) with (i, j) = (7,2), we find the existence of a
j1 € ®L =1{0,1,3,5} such that j, —4 = j; + j—t € ®L ={0,1,3,5} and that @, ;,+; N B = 0. This forces j; = 5,
and hence @14 = @75, € K\ B = A. By putting (i, j) = (1,5) in Lemma 3.5 (a), we obtain the existence of a
J2 € (I)L ={0,1,3,5)suchthat j + 1 = job— j+ 1t € (I)L ={0,1,3,5} and that ®;,;,_; " A = 0. This forces j, = 0, and
hence @4 = ®y,0-5 € K \ A = B. As aresult, it holds @4 = 0, yielding a contradiction!

Case 2. ®L =1{0,3,4,5) and Diagg, = {1,7}.

We set A = ﬂ?zl ®; and B = ﬂ}; ®;. Applying Lemma 3.5 (a) for (i, j) = (7,4), we conclude that there exists a
j1 € ®L =1{0,3,4,5} such that j; —2 = j; + j— 1 € ®L ={0,3,4,5} and that @y, ,.; N B = 0. It is obvious that we
must have j; = 5, and hence @5 = O7454.4 € K \ B = A. Putting (i, j) = (1,3) in Lemma 3.5 (a) yields the existence
ofaj, € (DL =1{0,3,4,5}suchthat j +3 = j, - j+t € (I)L = {0,3,4, 5} and that ®;,;,_; N A = (. Note that the only
possibility is j, = 0, and hence @6 = ®j,¢-3 € K \ A = B. At this moment, we find that @4 = 0, violating the fact
that @ is a cyclic decomposition.

Case 3. ®L =1{0,1,2,5} and Diagg, = {1,7}.

Let ¥ be a reflection of @ satisfying ®; = ¥3_; for all i € Z/187Z. Applying the conclusion in Case 2 on the cyclic
decomposition ¥, we see that the assumption in this case will cause a contradiction.

Case 4. ®L =1{0,1,2,5} and Diagg, = {1,9}.

We set A = ﬂ?zl ®; and B = ﬂ}fg @;. By substituting (7, j) = (1,2) in Lemma 3.5 (a), we find the existence of
ji1 € CI)I< ={0,1,2,5}suchthat j, —4=j, +j—-te€ (D1< ={0,1,2,5} and that ®;, ;. ; " A = 0. This forces j; = 5, and
hence ®g = ®@y,5,, € B. Consequently, for any b € B it holds bo e Dz.131 N Ppo,147 = O, which is absurd.

CAaSE 5. (DL ={0,2,4,5} and Diagq, = {1, 7}.

Let ¥ be a reflection of @ satisfying ®; = W¥;3_;. We can reach a contradiction by utilizing the analysis in Case 1
on the cyclic decomposition ¥, and thus we are done. O

Lemma 7.7. 8(7,21) = 0.

Proof. To the contrary, suppose that we have a cyclic decomposition ® of (K, K, 7) with period 21 for some set K.
Without loss of generality, we may assume that 1 € Diagy,.

Theorem 2.11 implies that ®*% < |log,(21)] = 4. According to Lemma 3.5 (a), the possible value of ®. has many
additional constraints; a computer enumeration based on Lemma 3.5 (a) now shows that <D1< € {{0,1,4,6},{0,2,5,6}}.
Up to reflection, let us suppose that ®L = {0, 1,4, 6}.
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Take a € (;g7; ©;. By applying Lemma 3.5 (a) withi = 1 and j = 1, 2,5, respectively, we find the existence of
J1 € (D1< ={0,1,4,6} such that j; + j—1t € <I>‘< ={0,1,4,6} and that a ¢ ®;,; ;. In all cases, we have j; = 5, and
hence
a ¢ OgU Dy UDy,. (79)
In addition, by applying Lemma 3.5 (a) with i = 1 and j € {1, 3, 6}, we find the existence of j, € (DL =1{0,1,4,6} such
that j, —j+t € d)'< ={0,1,4,6} and that a ¢ ®;,,_;. In all cases, we conclude that j, = 0, and hence

a¢ PigUdigU Dy (80)
Taking Egs. (79) and (80) into account, we find that Loce(a®) C [4]. By Lemma 5.2 (b), this implies that
hog > 3. @1

On the other hand, let d; = DM(K, K, K; ®;, ®;,{, D;,») for all i € Z/(217Z). 1t follows from (I)L =1{0,1,4,6} and
Lemma 2.5 that ds = d¢ = dg = 2 and d7 = 3, and hence }};567.3) 2% < 1. Thereby, we derive from Theorem 2.8
that | | ey (@5 X 6 X D7) # K?. By Lemma 5.2 (g), this means that he, < 2. This violates Eq. (81) and so the
proof is completed. O

Lemma 7.8. S(11,33) = 0.

Proof. Let ® be a cyclic decomposition of (K'', K, 11) with period 33. According to Lemma 3.5 (b) and Theo-
rem 2.11, it holds Y(11) < ®* < |log,(33)] = 5. However, Lemma 3.2 (d) asserts that Y(11) = 6, yielding a
contradiction. O

r 4 516|789 ]10]11
2r || 8 | 10| 12| 14 | 16 | 18 | 20 | 22
3r | 12 | 15 | 18 | 21 | 24 | 27 | 30 | 33
pr |l 8 |16 |16 |16 |32 |32 | 32|32

Table 1: p, = 2[‘/2’?*5,

Proof of Theorem 1.9. The case of ¢t = 1 is trivial. Theorem 1.4 (c) shows that PS(2) N [7] = {1,4}. We deduce from
Theorem 1.6 (a) that PS(3) N [2,7] = 0. Lemma 4.2 (a) shows that S(3, 8) # 0. Recall from Lemmas 7.2 to 7.4 that
S(3,9) = 8(3,10) = 8(3, 11) = 0. Therefore, we have PS(3) N [11] = {1, 8}.

Let us assume that ¢ > 4 and pick p € (PS(¢) N [4¢ — 1]) \ {1}. Our task is to show that the only possibility is
(t,p) = (4,8).

Simple calculus shows that 2* > x? for all real numbers x > 4. Thereby, 2M2Vil — 41 > 22Vi — 41 > 0 follows. In
view of Theorem 1.6 (b), we now know that ¢ | p. Due to p € [4r— 1], > 1 and ¢ | p, it happens p € {2t, 31}.

Note that 2 V25*2x16 — 2 V800 7 V786 _ 228 — 268435456 > 254803968 = 483, that is, 22" > 3r for r = 16.
Calculating the derivative of the function 2 V2r _ 37 with respect to r then shows that 2V 5 3 holds for all r > 16. It
thus comes from Theorem 1.6 (a) that # < 15.

2T+l
For those integers r satisfying 12 < r < 15, we can check that 2[ 2 4+2} = 2% > 3 x 16 > 3r. Henceforth,
Lemma 3.8 excludes the possibility of 12 <t < 15.

. . . "\/Zr—l-#l“ .

For those integers r with 4 < r < 11, we list 2r, 3r and p, = 2 *"21 in Table 1. We read from Table 1
that 2r > p, only if r = 4, while 3r > p, only if r € {4,6,7,11}. According to Lemma 3.8, this means that
t,p) € {(4,8),(4,12),(6,18),(7,21),(11,33)}. By Lemmas 7.5 to 7.8, we have S(4,12) = S(6,18) = S(7,21) =
S(11,33) = 0. Note that Example 1.3 claims that S(4,8) # 0. This then proves that (f, p) = (4,8), as was to be

shown. O
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8. Further questions and remarks

A good understanding of cyclic decomposition should mean a good knowledge about U as given in Definition 1.1
as well as its three projections as described in Definition 7.1. Our paper has chosen to investigate more about £S(r)
and a study of U from many other perspectives is still left open. What is the relationship between PS(¢) and P7 (k)?
Is there any symmetry relationship or any principle of uncertainty between them?

A numerical semigroup is a set of nonnegative integers that is closed under addition, contains 0, and whose
complement in Ny is a finite set [ADGS20, BCDF20, RGS09]. Let ¢t € N. Note that 1 € {0} U £S(¢) and that
{0} U PS(r) = Ny if and only if # = 1. Therefore, {0} U £S(¢) is a numerical semigroup if and only if # = 1. Recall
the definition of PS*(r) and QS*(¢) from Definition 4.1 and Eq. (9), respectively. Let us put PS*(r) = PS*(r) U {0} and
QS*(H = QS*(1H U {0).

Lemma 8.1. For every t € N, QS*(¢) is a numerical semigroup.

Proof. Lemmas 4.5 (b) and 4.5 (c) claim that QS*(¢) is closed under addition, and Lemma 4.11 shows that Ny \ QS*(¢)
is a finite set. This completes the proof. O

Question 8.2. Let t be a positive integer. Is PS*(t) a numerical semigroup? Note that Lemma 4.11 says that Ny \
PS* (1) is finite.

Take 7, p € N. Let K and L be two sets and let ® and ¥ be two cyclic decompositions of (K’, K, ¢) and (L', L, )
with period p, respectively. We say that ® represents P if there is a map 8 : K — 2°\ 0 such that {8(a) : a € K}
is a partition of L and for every i € [p], it holds | J,cq, S(x) = ¥;. We also say that ¥ is a blow-up of ®. For every
(t, p) € N?, let k., be the minimum nonnegative integer such that every cyclic decomposition of (K, K, f) with period
p can be represented by a cyclic decomposition of ([«;,1", [«.p], ) with period p. If there does not exist any cyclic
decomposition of (K, K, t) with period p for some set K, we adopt the convention that «, , = 0.

Remark 8.3. Let @ be a cyclic decomposition of (K, K’, t) with period p.

(a) Assume ¢ = 1. It is clear that | |;,) ©; = K, and hence @ can be represented by a cyclic decomposition of
([p], [p], 1) with period p. Therefore, we have «; , = p.

(b) In general, we can assume, without loss of generality that, for every J C Z/pZ, ((ie; Pi) \ (Uiepps ®:) contains
at most one element. With this assumption, we are reduced to the case of |K| < 27. It thus follows that ; , < 27.
Note that we have used this argument in the proof of Lemma 3.4.

It is not too hard to prove that liminf,_,. IL)K(Z‘, p) > 1 for every t € N. However, we still have no clue about how
to tackle the following conjecture. Anyhow, with the help of Lemma 6.2, a positive solution to Question 8.5 might be
useful in tackling Conjecture 8.4.

Conjecture 8.4. limsup, ,_,, ékt,p is finite.

Question 8.5. Let t, k and p be positive integers with p > tk. Let M be a matroid and let ¢;,i € Z/pZ, be a circular
sequence of elements of M. Let E = {A CZ/pZ : AN (j+{t— 1)) # O for every j € Z]pZ)}. Assume that the rank of
the set {¢; : i € A} in M is at most k for all A € E. Is it true that the rank of {¢; : i € Z/pZ} in M has an O(k) upper
bound?

We call two cyclic decompositions @’ and ¥’ quasiequivalent provided there are two equivalent cyclic decom-
positions ® and ¥ such that ®’ and ¥’ are blow-ups of ® and W, respectively. For any ¢, p € N, we write 7, , for the
maximum of those positive integers m such that we can find m cyclic decompositions of order ¢ and period p which are
pairwise non-quasiequivalent. It follows from Remark 8.3 (b) that 7, , < co. It may be of special interest to determine
those (t, p) € N? with n;p = 1 or those with 7r;,, = 0. In Example 8.6, we shall show that the function @ listed in
Example 1.3 is essentially the only cyclic decomposition of order 4 and period 8, namely m4g = 1.

Example 8.6. Let K be a set. Let @ be a cyclic decomposition of (K*, K, 4) with period 8. Then Lemma 3.4 shows that

Diagg, = {i,i+4} for some i € Z/8Z. Up to translation, we can assume that Diagg, = {1, 5}. It follows from Lemma 2.5

that <I)L = (I)Z. Let M = (3)\ CDL =3)\ (DZ. Theorem 2.11 shows that |M| > 1. Corollary 3.6 shows that 0,3 ¢ M.
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If it holds {1,2} € M, then one can check that @57 N o3 # 0, violating the fact that @ is a cyclic decomposition.
Accordingly, M = {1} or {2}. Let ¥ be the reflection of ® with ®; = ¥5_; for all i € Z/10Z. Considering ¥ instead
if necessary, We can assume that {2} = M. Let A = (g4 ©; and B = (;¢4) Piz4. For every x,y € Z/8Z, there exists
7 € {x, x + 4} such that z — y € (3). Consequently, Lemma 6.2 shows that (®,, ®,,4) € {(4, B), (B, A), (K, K)} for every
x € Z./87Z. 1t further follows that

A, if x € {1,2,4};

®, =<B, if x € {5,6,8}; (82)
AUB=K, ifxe{3,7}.

Eq. (82) tells us that 743 = 1 and k48 = 2. Due to the symmetry between A and B, we may say that ®;;.3; and
D147 form an “antipodal pair” for all i € Z/8Z. Using the ‘joker’ symbol as adopted in [CKMS17b], we can
write (@[1,4],q)[5,8]) = (AA <o A,BB <o B), (CD[Z,S]’(D[6,9]) = (A < AB,B <& BA), (®[3,6]’¢)[6,9]) = ( <o ABB, < BAA),
((D[4,7J, (I)[7’10J) = (ABB <o, BAA ¢ )

At the end of [CKMS17b, § 2.3], Chen et al. mentioned that Example 1.3 is essentially the only binary cyclic
universal partial word which they were aware of. Fillmore et al. [FGK*23, Theorem 3.1] recently found seven in-
equivalent binary cyclic universal partial words of order 8 and period 128. We mention that the 8-intervals of the 3rd
and 4th examples constructed in the proof of [FGK*23, Theorem 3.1] both consist of 64 antipodal pairs. The work
of Fillmore et al. [FGK*23] makes use of astute graphs and their Euler tours, namely perfect necklaces. Note that
astute graphs are nothing but generalized wrapped butterflies [DWO05, Pra89, WL02]. Can we find more binary cyclic
universal partial words? Especially, any more such words which provide us antipodal pairs as we see in Example 8.67

Let K be a set with at least three elements. Let @y, ..., ®,,,_; be a sequence of elements from {K} U (1]() such that
K' = |_|ip=](<l),- X Dppq X -+ X Dyyyp). Goeckner et al. [GGH* 18, Theorem 4.8] proved that we must have ®; = ®;,,
for all i € [t — 1], that is, @y, ..., D, provide a cyclic decomposition of (K’, K, f). Can we strengthen this result by

relaxing the condition of ®; € {K} U (f)"

Let @ be a cyclic decomposition of (K, K, f) with period p > 2. In case that ®@ is a cyclic universal partial word
as introduced in Remark 1.10, Goeckner et al. [GGH* 18, Definition 4.2] defined the diamondicity of ® to be 7 — CDﬁ.
Lemma 3.5 (b) shows that ®* > V21, which can be viewed as an extension of [GGH* 18, Proposition 4.7] for cyclic
universal partial words. We should mention that Goeckner et al. [GGH* 18, Question 6.3] asked if any Q(¢) lower
bound for ®* can be established, where they required ® to be a cyclic universal partial word and stated the problem
in terms of diamondicity. To which extent can we improve Lemma 3.5 (b) for general cyclic decompositions?

Kiefer and Ryzhikov [KR24] studied the complexity of computing the period and exponent of a digraph. We think
that various corresponding complexity problems about the hydras should be studied as well.

Let 7 be a positive integer. Theorem 1.9 determines PS(¢) N [4¢ — 1]. By virtue of Lemma 3.8, 41 € £S(z) will
imply that t € [11] U {16}. For ¢t = 1, it is clear that 4 € £S(1). For t = 2, Theorem 1.4 (c) gives 8 € £S(2). Fort = 4,
Lemma 4.2 (a) confirms that 16 € £S(4). Analogous to Lemma 7.8, we can verify that 4t ¢ £S(¢) for any ¢ € {11, 16}.
Whent € {3,5,6,7,8,9, 10}, we have not checked whether or not 4t € PS(¢).

The characterization of the extremal family of subboxes as discussed in Theorem 2.8 is useful in our study of pe-
riods; see Lemmas 5.5 and 7.3. Is there any alternative equality characterization? There have been quite some further
extensions or variants of the work in [ABHKO02], say [AP24, BLLW 19, GKP04, GRV15, Hol19, KP0S8]. In addition
to Remark 2.12, we like to mention that [GKP04, Theorem 3] and [Hol19, Theorem 2] are both about the structure of
extremal subbox families. The difference between our hydra period problem and the widely studied problem of parti-
tioning a box into subboxes [ABHKO2] is that we impose some consecutive constraint on the subboxes. Analogous to
the minimum partition problem, a natural problem is to determine min £S(#) \ {1}. Note that Theorem 1.9 gives some
very rough information on this parameter.

Many combinatorial objects of a flavor similar to cyclic decompositions have been studied in the literature
[BMMT23, BSSSW10, GHS22, KNP24, MEY21, MEY23, QWX22]. To conclude the paper, let us suggest the
following definition, which somehow unifies our cyclic decomposition as stated in Definition 1.1 and the definition of
universal partial cycles for permutations [CDG92, CFH" 14, KLSS23, KPV19].

Definition 8.7. Let 7 be a positive integer and let K be a set. Let ~ be an equivalence relation on K, and let X be a
subset of K’. For every x € K’, we use [x]. for the equivalence class of ~ containing x. A cyclic decomposition of
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(X, ~, K, 1) with period p € Nis amap ® : Z/pZ — 2K\ 0 together with a map Locg : X — Z/pZ such that, for
every x € X, [x]. N H{;’fl ®; # 0 holds if and only if j = Locg(x).
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words and related combinatorial objects, and we thank Ron Holzman for providing us relevant literature on partitioning a box into
subboxes.

Yao Ting Zhang (22 November 1933 — 29 June 2007) wrote many articles about his teacher, Pao-Lu Hsii (1 September 1910
— 18 December 1970). We know from his articles that Hsii organized seminars on Markov chains, combinatorial designs, and
experimental designs during different periods in last fifties and sixties. It is said that Hsii focused on combinatorics in his last few
years and made a research plan, which unfortunately could not be finished due to his poor health in those difficult days. Under
the instruction of Hsii, Zhang prepared a report on partially balanced incomplete block design, which was published in Chinese
in 1964 under the pseudonym Cheng Ban. This pseudonym refers to all participants of Hsii’s combinatorics seminar. In 2005,
we did plan to find an opportunity to meet Zhang and learn more from him about Hsii’s research project. Sadly, we were notified
that he was already not in good physical condition and so an academic meeting was not suitable. With the desire to understand
some combinatorial aspects of Markov chains, this paper continues our journey in 2017 and carries some classical design theoretic
flavor. We dedicate this work to the memory of Pao-Lu Hsii and Yao Ting Zhang, although we will never know what Zhang may
have shareed with us if we had the luck of meeting him before 2004.
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