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A five-element transformation monoid on labelled trees™
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Abstract

For each tree T on n vertices, a labelling of T is a bijective map from the vertex set of T to the first n positive
integers. We consider two maps, which send the labellings of T' to labellings of T" for all trees T. We show that
the transformation monoid generated by these two maps has exactly five elements and we analyze the dynamical
behaviours of the action of this monoid on the set of labellings of trees.
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1. Transformation monoids and discrete dynamical systems

A transformation monoid [1, 2, 3] on a set S is a subset ¥ of S¥ that is closed under composition. We think of
the identity map on S as the composition of no map (maps in the empty set) and so every transformation monoid
on S contains the identity map on S. For each set V', a bijection from V to V is known as a permutation, and all
the permutations on V form the symmetric group Sym,, which is a special transformation monoid. A transformation
monoid generated by one element is usually much easier to understand than the general case. For example, a Markov
chain corresponds to a transformation monoid generated by one probability transition matrix while an inhomogeneous
Markov chain represents a transformation monoid generated by several probability transition matrices and we can
say much less on the latter than the former; see [4, §3.1] for some relevant discussions.

Transformation monoids are closely related to dynamical systems in which we are interested in the transformations
among all possible states when time flows. Let us now explain a basic framework of modelling discrete dynamical
systems; the readers are also referred to [B, §3] for a general discussion from some different perspective. A deterministic
automaton is a triple A = (S4,C4,0.4), where S = S 4 is the state set, C = C 4 is the input set and § 4 is the transition
function which sends each ¢ € C to an element 6% € S5, Every deterministic discrete time dynamical system can be
thought of as a deterministic automaton and the local evolving rule of the system determines the transition function
of the automaton. We reserve the notation T(A) for the transformation monoid generated by ¢, ¢ € C. Indeed, it
is convenient to identity a deterministic automaton with a transformation monoid given by a set of its generators.
To have a good knowledge of the global dynamical behaviour of the system modelled by an automaton A, we should
determine the structure T(A) as a monoid and the action of T(A) on the set S4 as a transformation monoid. If
S is finite and C4 is a singleton set, the deterministic automaton A is called a monad by Arnold [6] [7]. Let us

call A a k-monad provided S 4 is finite and C 4 is a set of size k. A k-monad A can be given more conveniently as
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Figure 1: Cayley digraph (Phase space) of the 5-element monoid M.

(Sa:0%,...,0%) when {c1,...,cx} = C4, namely by identifying the input ¢; with the corresponding transformation
0%. Note that what is called a monad by Arnold will be called by us a 1-monad later on and we use the term of a
monad in this note to refer to a k-monad for any k£ > 1.

The phase space of a deterministic automaton A, denoted by PS(A), is the arc-labelled digraph with vertex set
S such that there is an arc labelled by ¢ € C 4 from u to v if and only if v = 6% (u). The space of walks in the phase
space PS(A) corresponds to the dynamical behaviour given by the automaton A. Let M be the 5-element monoid

given by the generators and relations as follows:

M= (a,0: ac=ca,a’ =0 a®=a,0®=0). (1)

Its Cayley digraph is the arc-labelled digraph shown in Fig. [I] Note that the left-regular action of M on itself shows
that M is isomorphic with the endomorphism monoid of its Cayley digraph. Also observe that the Cayley digraph
depicted in Fig. [1]is just the phase space of the automaton (M; a, o).

The phase space of a 1-monad looks to be very simple: It is a digraph with constant out-degree 1 and so each of its
weakly connected components is a cycle of length 1 or bigger together with in-trees planted on its vertices [6, Theorem
1]. However, to make this simple picture more precise, say to determine the lengths of those cycles in the phase space
(periods of the automaton) and the shape of those in-trees, will often be a challenging task. Thinking of the difference
between Markov chains and inhomogeneous Markov chains, one should agree that to understand the phase space and
transformation monoid of a k-monad for £ > 1 will be even more complicated and so also more intriguing. Parallel to
geometric group theory, there are many connections to be found between the algebraic property of a transformation
monoid and the geometry of its phase space.

There are two basic ways of constructing dynamical systems: either take an already existing “natural” system from
the vast reserve arising in fields like biology, physics and economics [8] @, [T0] (11} 12], or build a “simple” system by
hand using some basic tools like strings of letters, trees and permutations [13, Preface]. It may be astonishing to many
children that the “simple systems” from the latter approach may not be really easier to analyze than the “complex
systems” from the first approach and the simple systems do attract the attentions of many adults in various contexts
as well; see, for example, [14, [15] (16, 17, 18] 19]. Indeed, to understand the world we are living in, which consists
of various dynamical systems of different scales, a common belief is that there should exist simple local dynamical
mechanisms behind and the iterations of those hidden local rules create the observable complex phenomena. On the
one hand, people will examine the complex evolving pictures in front of them and try to search for some possible
explanations for them, namely the underlying local rules which control the changes over time; on the other hand,
people may try to analyze various simple local rules and then check if the pattern generated by this man-made rules

can match some natural patterns appeared around. Surely, for the latter approach, very often we will find it difficult
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to rigorously predict the dynamical behaviour of the system driven by a simple rule; the famous 3z + 1 problem [18] is
one such example. Maybe, for almost all dynamical systems, it is far beyond human abilities to do any mathematical
analysis of their dynamical behaviours. Accordingly, to see an analysis of the dynamical behaviours of some toy
models of simple nontrivial dynamical systems may give you the joy of knowing the methods behind a good magic
trick. The success in understanding any simple monad may be a help in getting future generations of mathematicians
ready for tackling some puzzles on important or interesting dynamical processes.

For each positive integer n, we designate by [n] the set {1,...,n}. Let S be a set of size n. We write TO(S) for
the set of bijections from S to [n] and we call each element of TO(S) a total order on S. We take the convention that

a total order f € TO(S) is represented by the string of letters

For any total order f € TO(S) and for every s,s” € S, we often write s <y s’ whenever f(s) < f(s’), namely when s
appears earlier than s’ in the word f=*(1)f~1(2)--- f~!(n), and this comparison relationship surely specifies the total
order f. For a graph G, we use V(G) and E(G) to denote its vertex set and edge set. For a given graph G, a graph
search/traversal on G is a mechanism to generate a total order on V(G). Two traditional graph search strategies are
breadth-first search (BFS) and depth-first search (DFS). There are many other useful classes of vertex orderings of
graphs, say LexBFS, which is a BFS procedure where ties are broken to favour vertices with earlier visited neighbours.
If one generates the next total order of the vertex set based on the information of the previous total orders, we have
the so-called multi-sweep graph searches. A simple way of doing another sweep on a graph based on an existing total
order of its vertex set is to adopt the so-called “the T rule” [20]. The execution of multi-sweep graph searches on a
graph G can naturally be viewed as a dynamical system on TO(V(G)). The understanding of such kind of dynamical
processes not only satisfies our curiosity but also can be useful in designing various graph algorithms [20, 2T}, [22] 23].
In principal, the structure of a network should be embodied in a wide range of processes taking place on it. But, it
is a nontrivial mathematics question to find an explicit way of relating the graph structure to some global dynamics
on the graph. We mention that Charbit, Habib, Mouatadid and Naserasr [20] propose to use the maximum period of
the automaton on the total orders of a graph generated by LexBFS and the * rule, which they call LexCycle, as a
measure of the linear structure of the graph.

The aim of this paper is to examine a special 2-monad acting on labelled trees. It is to our surprise that we can
understand its dynamical behaviour quite well but we fail to find any pattern for any variant of it in a big family of
such 2-monads. We illustrate this simple automaton and provide a description of its phase space in Section 2 We
reveal the secret behind its very regular dynamical behaviours in Section |3 Note that Theorem explains the
title of this note. In addition, Theorem presents a picture which is similar to the conjecture in [20] that the

LexCycle of an AT-free graph is at most two.

2. Cyclic permutations and labelled trees

For any positive integer n, we write Sym,, for Sym[n] and we use both two-line notation and cycle notation to
record a permutation. A circular permutation of length m in Sym,, [24) p. 120] is an element with one orbit of size

m and all other orbits (if any) of size 1; A cyclic permutation in Sym,, is a circular permutation of length n, namely
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Figure 2: An Eulerian tour on a tree.
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2543 1) is a permutation with

a permutation with only one orbit. For example, 71 = (; g i g i’) is cyclic while 5 = (
two orbits {1,2,5} and {3,4}. In this paper, the composition of permutations is taken from right to left. For example,
ToT1 = (51) i g 411 g) is a circular permutation of length 4. We mention that cyclic permutations in symmetric groups are
just Coxeter elements of type A.

A tree is a connected graph without cycles. A rooted tree T is a pair (T, r) where T is a tree and r is a vertex of
T, called the root of T. Associated with the rooted tree T = (T',r) is the poset P(T) on V(T') such that w < v if and
only if v is on the unique path in T from w to r. If v covers w in the poset P(T), we call v the father of w and w
a child of v in the rooted tree T. The descendants of a vertex v in T are all those vertices of T" which are less than
or equal to it in P(T). For a rooted tree T = (T,r) and any v € V(T'), let Dr(v) be the set of descendants of v in
T, let Dy(v) be the set of children of v in T, and let Dy[v] denote Dr(v) U {v}, which we call the family of v in T. If
v € V(T)\ {r}, we use Fr(v) for the father of v in T. For every graph G and v € V(G), degq(v) refers to the number
of edges incident to v in G.

Each edge e = uv of a graph G gives us a transposition (u,v) € Symy gy which swaps u and v. A classic result of
Dénes [25] [24, Theorem 2] says that multiplying all the transpositions corresponding to edges of a tree T in any order
will always end up with a cyclic permutation of V(T'); we will call such a cyclic permutation a Dénes permutation of

the tree T. For example, it holds

n12---n—-1)=(1An)o(ln—1)o---0(12),

(2)
(nn—1n—-2---1)=(Mn—-1n)o---0(23)0(12).

In Fig. 2| we supply another example for the interest of readers. We mention that the set of Dénes permutations of a
tree T' corresponds to the set of planar drawings of the tree T' and the associated Eulerian tours (circular traversings
of all edges in both directions) of T" as well as the Yushmanov ordering of the leaves of T' [24] 26], 27, 28], 29, [30], 31]:
Indeed, there are HveV(T)(degT(v) — 1)! such Yushmanov ordering of the leaves of T' and each such leaves cyclic
ordering is embedded in J[,cv (7 degp(v) Dénes permutations of 7. Dénes [25] [24, Corollary 5] further shows that

the number of representations of a cyclic permutation of [n] as a product of n — 1 transpositions is equal to the
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number of trees on n labelled vertices, and so, by Cayley’s formula [31, Chapter 9], is equal to n"~2. Since the set of
labelled trees and the set of decompositions into transpositions have the same cardinality, Dénes [25] suggests to find
an explicit bijection between them. Thirty years later, Moszkowski [32] [33, Theorem 3.16] discovers a beautiful simple
bijection, solving the open problem of Dénes. Related literature on combinatorics of permutations are quite huge; see,
e.g., [34, B3] 36l 37, [38], 39, 40, 411, [42] [43], 44}, 45]. To indicate the diverse directions to go, let us mention Frobenius’s
formula [46, Theorem A.1.9], a classic result in character theory, which implies that the number of ways of expressing
the identity element in Sym,, as ¢y o---oc,, where ¢; is a cyclic permutation and cg, ..., c, are all transpositions, can

be given by a formula involving the characters of Sym,,. There is a great ocean of truth lay undiscovered behind the

2n
n

number n”, and the accompanying numbers L(

— ) and n!, which count the size of the full transformation monoid

on [n], the size of the inverse semigroup of all strictly decreasing monotone partial permutations on [n] and the size
of the full symmetric group on [n], respectively. In the course of a singular promenade on the beach, we are led to
some simple transformations on the set of total orders on a fixed finite set, which we explain below.

Assume that T is a tree on n vertices and f € TO(V(T)). We use er s to denote the element in Sym,, given by
€T,f = Ap—10-+-0 A,

where for each i € [n — 1], \; stands for the transposition in Sym,, which switches i and f(Frp g-1(,)(f'(¢))). By
virtue of Dénes’s result, er ¢ is a cyclic permutation and so we can use the two-line notation to define the following
element k7 in Sym,,:

eqp(n) erg(n) - € fn) € (n)

n—1 .- 2 1

kr.f =

We know that a permutation is a comparison between two total orders [39, p. 18] [47, §1] and so we are at the
stage to present the transformations on the set of total orders. For any permutation 7 € Sym,,, let us consider the

transformations 15, T, T and T} on TO(V(T)) such that, for any given total order f on V(T),

f)=T1okrysof,
f):TOK‘;,lfofa
T/ (f) =krgoTof,
T (f) ZﬁilfOTOf

T (
T

If we take any k maps of the form as given in Eq. , maybe for different 7, do you expect a good luck that the
dynamics of the resulting k-monad can have a good regularity (as in the case of the 3z + 1 problem) and can even be
mathematically explained? Let v, € Sym,, be the permutation that fixes n and swaps ¢ and n — i for all i € [n — 1],

and let ¢, € Sym,, be the identity permutation. We write o for T, =1, L’:l and we write write ap for 7, . That is,

0 . n—2 n—1
or(f) = | r(n) ers(n) ery () ery(n) | N
n n—1 --- 2 1
0 L. n—2 n—1
ar(f) = [ T s(n) ers(n) ery (n) epy(n) | '
n 1 e o m—2 n—1
and
o = VpOoO0OT . (4)
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Figure 4: The 2-path T and the phase space of the 2-monad (TO(V(T)); ar, o).
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no  Stars and paths are often the two extremal families among trees for many problems. By Eq. , you can say that
or and ap correspond to stars and paths, respectively. Will this be a sign of some regularity for their dynamical

behaviours? Let us probe an example to see the actions of o and «.

Example 2.1. In Figs.[Jto[5, we draw several trees and part of the phase spaces of the corresponding transformations
a and o. To help the reader understand the definition, here are some calculation details. Let T be the length-three path

as shown on the left of Fig. @ and let f = cdba be a total order on V(T'). Then ep ;= (43)0(32)o(41)= (413 2),

4 1 3 2 4 1 3 2 c d b a
or(f) = of = o — dbea
4 3 2 1 4 3 2 1 1 2 3 4
and
4 1 3 2 4 1 3 2 c d b a
ar(f) = of= o = cbda.
4 1 2 3 4 1 2 3 1 2 3 4

These two local phase transitions are indicated in the figure on the right of Fig.[5

The goal of this paper is to describe the surprisingly simple dynamical behaviour of the 2-monad (TO(V(T)); ar,
us o) for any tree T. When |V(T')| < 2, it holds ar = o = 1 and the corresponding phase spaces are quite trivial,

each of the weakly connected components being two loops attached to one vertex; see Fig. [3l When | V(T)| = 3, the

o o dcba
o abde<———dbac o
o

o
cbda —= — bdca

badc o
o bdac adbD cdba <—= —— dbca

dabc bcda «

qUL—m T — Q0

Figure 5: The 3-path T and several weakly connected components of the phase space of the 2-monad (TO(V(T)); ar,oT).



120

125

130

135

140

145

150

phase space of the 2-monad (TO(V(T)); ar, o) is depicted in Fig. [4] The reader can check that the transformation
monoid generated by ar and o is composed of exactly four elements, 1 = a2T = a‘%, ar,or and aroor = oo Q.
When | V(T')| > 3, our understanding of (TO(V(T)); ar, or) will be formulated in Theorem the main result of
this note. Given a finite tree 7' and f € TO(V(T')), we can regard (T, f) as the tree obtained from T' by renaming
each vertex v € V(T') as f(v). In this way, we think of ar and or as transformations among labelled trees with
vertex set [| V(T)|]. The small ambiguity here is that two different total orders of V(T') may give you two labelled
trees which are isomorphic to each other as labelled graphs. If we view o and o as transformations whose actions on
a tree T on [n] are ar and o, respectively, we can basically say that they are transformations on all labelled trees
modulo the above-mentioned ambiguity. If we really care about that isomorphism problem, our Theorem should
also help to provide a clear picture of the phase space of the corresponding 2-monad.

Before presenting Theorem we recall some concepts and introduce some notations. For any graph G on n
vertices, an element f € TO(V(G)) [2I, Theorem 2.5] is a depth-first search (DFS) vertex ordering of G if we cannot
find 1 <i < j <k <nsuchthat f~1(i)f~1(k) € E(G) but {f~1(0)f~1(j): i<l <j—1}NE(G) =0. Let A be an
automaton. A periodic point of A is any vertex on a cycle of the digraph PS(A) and a fized point of A is any element
of S 4 which is attached a loop in PS(A). A positive integer is a period of A if it is the length of a simple cycle in
PS(A). We use Per(A), Fix(A) and per(.A) for the set of periodic points, the set of fixed points and the set of periods
of A, respectively. Let n be a positive integer and let T be a tree with | V(T)| = n. For each x € V(T'), a local order
on the rooted tree T = (T, x) is a map f from each u € V(T') to an element f,, in TO(Dy[u]). Given f € TO(V(T)) and
x € V(T), for the rooted tree T = (T, x) we designate by fT = 7 the local order on T which maps each u € V(T
to the total order fr = fI'® that is the restriction of f to Dy[u]. We point out that the definition of local order
here resembles the concept of a rotation scheme (also called combinatorial embedding) in combinatorial map theory
[48, Definition 5.1.2] [49] 6-6, 16-1]. A subset X of [n] is consecutive provided X consists of all integers inbetween
min X and max X, namely X = [min{X }, max{X}]. We call f € TO(V(T)) a consecutive vertex ordering of (T, z) if
{f(w): ueDr,(v)}is a consecutive subset of [n] for all v € V(T'). We remark that f € TO(V(T)) is a DFS ordering
of T if and only if it is a consecutive vertex ordering of T = (T, f~!(1)) and u is the minimum element in the total
order fT for all uw € V(T'). When f is a consecutive vertex ordering of (T, f~*(n)), we simply say f is consecutive for
T. The set of consecutive vertex orderings of a tree T' is denoted by CS(T'). We say that f,g € TO(V(T)) are locally
equivalent with respect to T whenever f~'(n) = g~!(n) and f7/ (") = g7 " (") We write [f]7 for the set of all
g € TO(V(T)) which are locally equivalent with f with respect to 7" and call it a local ordering class of T. A tree is

called a star if it has one vertex which is adjacent to all other vertices.

Example 2.2. Let T be the tree shown in Fig.[3 Corresponding to the same Eularian trail as displayed in Fig.[3,
there are three consecutive vertex orderings of T: uvwxyzmopqrst, vwzyzmopqrstu and yzmopqrstuvwz. For f =
yzmopgrstuvwzr € TO(V(T)), fI'* is the total order u < v < w, namely uwvw is the subword of the word f with
support Dy ,[u]. The reader can also check that, with respect to the tree T, g = ypzmogrtsuvwz is locally equivalent
with the consecutive vertex ordering f. In addition, ar(g) = oymztsrgprwuz, or(g) = uwuvpgrstzmyox, and they
can be read clockwise or counterclockwise alongside the boundary of the plane tree shown in Fig.[6 Note that we only

indicate how to read or(g) in Fig. [0

Michel Deza (27 April 1939 — 23 November 2016) is a free mathematician and a poet with colorful personality.
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Figure 6: o1 (ypzmogrtsuvwz) as embedded in an Eulerian tour of 7.

He is a passionate man who can speak very frankly. We were encouraged by him to run into various wild caves for

possible mushrooms, beautiful or ordinary. We dig out the following in one such adventure and dedicate it to his

memory.

Theorem 2.3. Let T be a tree with n > 4 vertices and m leaves. Let A = (TO(V(T)); ar,o7), A1 = (TO(V(T)); )
and Ay = (TO(V(T));or). Let &4 : TO(V(T)) — TO(V(T)) be the map which sends f € TO(V(T)) to &4(f) = vpof.

(1)
(2)

(9)

ar =&roor and o =E€poar.

The map €r is an involution map on both Per(A) and TO(V(T)) \ Per(A), and is an isomorphism of the

arc-labelled digraph PS(A), namely arobp =E€roar and opop =E€poor.

The transformation monoid T(A) generated by cr and or comprises ezactly five elements 1, ar, a4, o,

aroor. As a monoid, it is just the monoid M given in FEq. with a Cayley digraph as demonstrated in
Fig. [1

Im(ar) = Im(o1) = Per(Ay) = Per(Asz) = Per(A) = CS(T'). They all coincide with the set of fized points of

a? and the set of fived points of o%.

per(Aj) Uper(As) C {1,2} and per(A) C {1,2,4}.

| Per(A)| = [Per(Ay)| = [Per(Az)[ = n][,cv(r) degr(v)!

Let k be any positive integer. For any f and f' in TO(V(T)), [flr = [f'|7 if and only if &5.(f) = ok (f") and
if and only if o%.(f) = ok (f).

All DFS vertex orderings of T are fized points of both a2 and o%.

| Fix(A)| = | Fix(A1)| + | Fix(Az)| where

n—1), if T is a star; m2"~™ if max, deg(v) < 3:
| Fix(Ar)| = o | Fix(As)| = fmaxyeyr) degr(v)

0, else; 0, else.



175

180

185

190

195

edbca o o beeda

« «
d debca bedea
| o
b o dbeca =—= bdcea o
| o (o7 o
a o H o o H o
| o o o
c g ecdba === cebda g
| o
e edcba cbeda
« «
decba « o cbdea

Figure 7: The 4-path T and one weakly connected component of the phase space of the 2-monad (TO(V(T)); ar, o).

Forgetting the arc-labelling, the digraph in Fig. [I| has the Klein four-group, the smallest non-cyclic group, as its
automorphism group. For each strongly connected component of PS(TOQ(V(T)); ar,or) as an arc-labelled digraph,
its automorphism group must be a subgroup of the Klein four-group. Actually, a strongly connected component outside
of Per(A) must have size 1, while each strongly connected component inside Per(.A), thanks to Theorem can
only have sizes 1, 2 or 4. For any component inside Per(.A), Theorem says that each ap-arc (op-arc) is
either a loop or is paired with another ap-arc (or-arc) of different orientation (and hence they form an edge); This
means that the automorphism of that component must be generated by the reflection over the edges labelled by
a7 or op. In the middle of Fig. [5| we only find reflection over ar-edges while on the right of Fig. 5| we can see
reflections over both ar-edges and or-edges and so we arrive at the Klein-four group . However, for the weakly
connected component as shown on the right of Fig. [5] neither the reflection over arp-edges nor the reflection over
the or-edges can be extended to an automorphism of the whole weakly connected component: only the identity
and the composition of the or-reflection with the ap-reflection (which equals &) are the possible automorphism of
that weakly connected component. This symmetry breaking is due to the fact that the numbers of incoming arcs
at different periodic points of that component are not the same, or, as seen from Theorem the sizes of local
ordering classes containing those periodic points there are not uniform. Instead, in Fig. [7| we see a weakly connected
component which possesses the largest possible symmetry inherited from that of its periodic points, namely the whole
Klein four-group. Besides that, considering a set of vertices which are not periodic but are mapped by ar or o to
the same point, an arbitrary permutation of this set must be an automorphism of that weakly connected component,
as guaranteed by Theorem

It would be interesting to see if there is any formula for the size of each weakly connected component of
PS(TOV(T)); ar,or), PS(TO(V(T)); r) and PS(TO(V(T));or). For this purpose, maybe we should try to
determine the size of [f]r for all f € TO(V(T). Hopefully, this line of study may give us more insight on the automor-
phism group of PS(TO(V(T)); ar, or), which can be viewed as a digraph with or without arc-labelling. Especially,
how is this automorphism group determined by the symmetry of the tree 7' and the symmetry of the Cayley digraph

in Fig. [T
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3. Proofs

We embark on our voyage towards Theorem It is much shorter than we originally expected.
Lemma 3.1. For every tree T, it holds or o &y = & oo, where & is the map defined in Theorem @

Proof. Let n = |V(T)|, f € TO(V(T)) and r = f~'(n). Set A = X\,_10---0X; and gt = p,—1 0 -+ 0 g, where
Ni = (Fr,(f7140) f714)) € Symy () and p; = (Fr,(f~'(n —1)) f~'(n —1)) € Symyq) for all i € [n —1]. Note
that A\; = u;ii for i € [n—1] and so A = p~1. Moreover, both A and p are Dénes permutations of T' and hence cyclic

permutations of V(7). This allows us to proceed with

/\O by . )\n—2 )\n—l
troorlf) = Eno (r)  Alr) (r) (r)
n n—1 ... 2 1
B No(r) A(r) oo APTE(r) AnTL(r)
- n 1 e o —2 n—1
_ [ E) ) e T () ()
n n—1 --- 2 1
= oro&p(f),
completing the proof. O

In the proof of [50, Lemma 11.3], we need to find a consecutive vertex ordering of a tree. Lemmas and
below both provide methods of obtaining such orderings. It would be interesting to connect the study here to the

active study of the so-called consecutive-ones property [51].
Lemma 3.2. Let T be a tree on n vertices.

(1) For every x € V(T) and every local order g on (T, x), there is a unique consecutive vertex ordering f of (T, x)

such that f7% = g.

(2) The number of consecutive vertex orderings of T' and the number of local ordering classes of T' are both equal to

n]l,evr degr(v)!

Proof. Let T = (T,x). Let v - - v, be a linear extension of the poset P(T), and hence v, = z. For each i € [n],
the local order g sends v; to the total order g,, on Dr[v;] and we will read g,, as a word which lists elements of
Drlv;] according to this total order. We start from g, , then substitute the letter v,—; by the word g,, _, to get a
new word, and then substitute the letter v,,_o by the word g, _,, and so on. After finishing these steps we yield an
element f € TO(V(T)), which is the unique required element.

In Example we indicate that g = ypzmogrtsuvwax is locally equivalent with the consecutive vertex ordering
f = yzmopqrstuvwz with respect to the tree T. We now take sgmrwvpzyutor as a linear extension of P(T). Based
on the previous linear extension and the given element g = ¢g”*®, here is the sequence of growing words to get f
according to the above proof: otux, yzotux, yzoptuzx, yzoptuvwz, yzmoptuvwz, yzmoprtuvwe, yzmopqrstuvwe = f.

By every local order on (T, z) is of the form f7'® for some f € TO(V(T)). Moreover, each local ordering
class of T consists of a class of f € TO(V(T)) with a fixed root x = f~1(n) and a fixed local order £ = 7% for which
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f, has = as the maximum element. Note that there are n choices for the root z, and that | D ()| = degp(x) while,
for each vertex y from V(T') \ {z}, |Dr[y]| = deg(y). This implies that the number of local ordering classes of T
equals to n ][,y () degr(v)!. By every local ordering class of T' contains a unique consecutive vertex ordering of

T and hence the two sets have the same cardinality. This completes the proof. O

Let T be a tree on n vertices and g € TO(V(T)). Note that each edge of T' corresponds to two arcs of different
directions and so we can think of T as an Eulerian digraph. For i € [n], let P,(T,g) be the directed path from
g (i) to g7(i + 1) in T, where we regard n + 1 as 1. The cyclic sequence of arcs of T' obtained by concatenating
Pi(T,g),...,P.(T,g) in that cyclic order gives rise to a closed walk in the digraph T', which we record as Tr 4. We
call g an Eulerian ordering of T provided Tr 4 is an Eulerian tour of T'. See Figs. [2| and @ It is noteworthy that every

Eulerian ordering of T" must be a consecutive vertex ordering.

Lemma 3.3. Let T be a tree. For every f € TO(V(T)), both ar(f) and or(f) are Eulerian orderings of T, and

hence also consecutive vertex orderings of T.

Proof. Letn = | V(T)| and h = o7 (f), thereby ar(f) = vpoh. If T, is the cyclic ordering of arcs aja3, aza3, . . ., Gzn—20a1,

then Tr ., on can be read cyclically as aiaz2,—2, @2n—2G2,—3, - .., a2ai. Henceforth, it suffices to show that h is an Eu-
lerian ordering of T. Let A = A1 0---0 Ay, where \; = (Fr p—10,)(f71(4)) f71(0) € Symyry for all i € [n —1]. We

then arrive at

. Xo(r)y  A(r) e AMTR(r) APTH(r) . 5)

n n—1 ... 2 1

Take any two adjacent vertices a and b of T'. Our task is to show that there is a unique ¢ € [n] such that the directed
path from A (r) to A¥~1(r) in T passes through the arc % leading from a to b. Since A is a Dénes permutation
of T, this property is guaranteed by [26] Theorem 6]; see Fig. For completeness of the proof, here is a simple
argument to confirm it. Take j € [n — 1] such that {a,b} = {Fr(f~'(5)), f*(j)}. Then on the way from y to
A l(y) =Ajo--0 Aj—10AjoNip10---0A,_1(y), one will walk across % if and only if Aj110---0X,—1(y) = a. This
says that the unique i € [n] with the claimed property is the one satisfying A'(r) =y = A,,_1 0 -+ 0 Aj41(a), finishing
the proof. O

Let f be a total order on a set S. We often write v o f for vg) o f when there is no necessity to specify the size of
S, and we write f~! for the reverse of the total order f, namely a < b in f if and only if b < a in f~!. For any subset

R of S, we adhere to the convention that f|r stands for the restriction of f on R, which is an element of TO(R).

Lemma 3.4. Let T be a tree with n vertices, f € TO(V(T)), r = f~1(n), T= (T,r), g = ar(f) and h = o7 (f).

v o v o v
< L N~ . >
A B A B A B

hy I gr

Figure 8: Update of the local order at a non-root non-leaf vertex v. The symbol z — y indicates that « is bigger than y according to the

total order assigned to the family of v in T.
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(1) Take v € V(T)\ {r} with Dp(v) # 0, namely degp(v) > 1. Let A be the set of elements in Dr(v) which is less
than v in f and let B be the set of elements in Dr(v) which is bigger than v in f. Then, as demonstrated in

Fig. [8, we have the following facts:

e gla=fla, glp=flp and B <y v <4 A;

° h|A=f_1|A, h|B=f_1|B and A <, v <, B.
(2) It holds gF = f¥ and hY =vo fT.

Proof. For all u € V(T') \ {r}, let us reserve the notation @ for Fr(u), the father of w in T. Forany 1 <i < j <mn-—1,

we call the edge e connecting f~1(i) and f~1(i) an edge of type i, denoted by i = t., we write ;) for the transposition

(f~1(i) f~*(4)) and use the shorthand

Tlij) °= M) © -+ © Wi1) © Wi € Sy, (6)

with the convention that 7 o) is the identity map in Symy,py. The map 7y ,,—1), which is a Dénes permutation of T',

will be dubbed 7. Similar to Eq. , we have

ey I LR ™)

n 1 n—2 n—1

For all i € [n], let P; be the directed path P;(T,g) from g='(i) = w%(r) to g~(i + 1) = 7*1(r) as defined before
Lemma [3.3] Let us refer to any directed path among Py, P, ..., P, a segment. For each path P;, we assume that it
goes through the vertices ¢~ 1(i) = 7(r) = pi1,pi2,...,9 (i +1) = 7T (r) = p; o, 11 in that order and we refer to
the edges p;1Pi2; - - -, Pi,Q;Pi,Q;+1 8S €1, - - ., €,.0,, respectively. For any v € V(T) and integer k, let ¢, 5 = min{t,., :
vw € E(T), tyy > k}. We write t, for t,,0 and we regard t, , as oo when k > max{t,,, : vw € E(T)}. For all i € [n],

the definition of 7 ensures the following:

mez\l = tpi,l ) teiﬂ = Ttpi,2atei71 g ’mez\Qi = tpi,Qiﬂtei’Qi,l ’ tpi,9i+1,tei)9i = 00. (8)

From Lemma we know that the closed walk Py P;--- P, starting and ending at r produces an Eulerian tour
W :=Tr 4 of T. We are now ready for the proof of and

Since h = v, o g, we only need to establish the first half of the claim.

Let k = f(v), w= Wﬁ}k_l] (0), g(w) =€, u= Wﬁ}k_l] (v), g(u) = m. We find that P, goes from w to w’ and passes
by the arc 50 while P, goes from u to u’ and passes by the arc vo. Tf we walk around PP, P, from r, we will
have to traverse 30 before visiting 2% and so we know that £ < m. Let Pj be the directed path obtained from Py by
removing its initial part of walking from w to v, and let P/ be the directed path obtained from P,, by removing its
terminal part of walking from v to u'. Let P be the walk P/Py4q - - Py—1P),. Since W is an Eulerian tour of T, we
see that P gives rise to an Eulerian tour of the subtree of T' induced by Dr(v); see Fig. @

By Eq. , the total order gT is given by the word 7‘*!(r)7t*2(r) - - - 7™ (r), namely the sequence of the terminal
vertices of Py, Py, ..., Pp—1. We assume that a; <j --- <j as are all the elements of A and by <; --- <y b; are all
the elements of B. Having in mind Egs. @ to , one can check the following facts about P.

e If B # (), then 0,v,b; are three consecutive vertices in that order on Py, while for each i € [t — 1], b;, v, b4 are

three consecutive vertices in that order in one segment, and b;v is the last arc in one segment.

12
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285

290

7'('@(7“) =w ﬂ.é—&-l(r) — e,

M}\ T /
ﬁ/—\v Eulerian tour P
\‘\w_/ 7T
ﬂ\k—\'lﬂn/l\ (k] (17

i (r) = o am(r) = e’

Figure 9: The directed paths P, and P,, traverse through the edge v? in opposite directions.

o If B =), then w' = v and W is the first arc of Ppy1;

e If A # (), then, for each i € [s — 1], the vertices a;, v, a;11 appear consecutively in a segment, and vaj is the first

arc of one segment.

e For any z € AU B, after the first visit of the walk P to « it will first run through an Eulerian tour of the subtree

formed by the descendants of x in T before visiting Z = v.

Combining what were described above, we find that g|4 = f|a, g|p = f|p and B <4 v <4 A, as was to be shown.
As in we only need to verify gr = fr. We assume that a; <; --- <; a5 <z r are all elements in Dy[r].
By Eq. , raj is the first arc of P,; for each i € [s — 1], a;t is followed by ra;+1 in one segment among P, ..., P,.

Now an application of Eq. yields gF = fT, finishing the proof. O
Lemma 3.5. Let T be a tree and pick f € TO(V(T)). Then, a3 = ar, 05 = o7, aror = or ar and ol = o2

T

Proof. From Lemma [3.4] we obtain [ar or(f)lr = [or ar(f)lr = [vo flr and [aF(f)]lr = [67(f)]r = [f]r. The

latter equality further implies [@(f)]lr = [ar(f)]r and [0%(f)]r = [or(f)]r. These observations, along with
Lemma and Lemma prove the result. O

Lemma 3.6. For every f € CS(T), it holds f = a2.(f) = o2 (f). Consequently, CS(T) C Im(cer) NIm(o7).

Proof. Lemma3.3[says a2 (f) € CS(T) while Lemmasays that [@%(f)]r = [f]z. We can now utilize Lemma
to obtain f = a4 (f). Analogously, we can derive f = a2 (f). O

A rooted tree (T,r) is a star tree if the root r is adjacent to all other vertices in T. A rooted tree (T,7) is a
binary tree provided every vertex has at most two children and is a leafy binary tree provided it is a binary tree
with degp(r) < 1. For any binary tree (T,r), we call f € TO(V(T)) a balanced vertex ordering of (T, r) if, for every
v € V(T) \ {r}, there are no two elements in Dy (v) which are less than v in f and there are no two elements in Dy (v)

which are bigger than v in f.
Lemma 3.7. Let T be a tree with n vertices, f € TO(V(T)), r = f~Y(n) and T = (T,r). Then
(1) ar(f)=f if and only if T is a star tree.
(2) or(f) = f if and only if T is a leafy binary tree, f € CS(T), and f is a balanced vertex ordering of T.

Proof. By Lemma ar(f),or(f) € CS(T). Therefore, neither ar(f) = f nor or(f) = f is possible when
f ¢ CS(T). On the other hand, when f € CS(T), Lemma implies that [ar(f)]r = [f]r if and only if
ar(f) = f, and that [or(f)]r = [f]r if and only if o7 (f) = f.
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If T is a star tree, f € CS(T) is immediate, and from Lemma we get [ar(f)]r = [flr. I T is not a star
tree, it has at least four vertices and has a vertex v which is neither the root nor any leaf. In light of Lemma
ar(f)y # fo-

From Lemma we see that ar(f)F = f¥ if and only if deg,(r) < 1; Lemma further implies that
ar(f)F = fT for all v € V(T) \ {r} if and only if T is a binary tree and f is a balanced vertex ordering of T. O

Proof of Theorem[2.3 By Eq. (4).
The map & is surely an involution on TO(V(T)). The relation of oro&r = &€poor is guaranteed by
Lemma Owing to we can further get

aroby = (§roor)oéyr =E&ro(oroly) =&ro(§roor)=E&roar.

Therefore, we now see that &, is an isomorphism of PS(A). As an isomorphism, it must send periodic points to
periodic points and so &€ is an involution on both Per(A) and TO(V(T)) \ Per(.A), as wanted.

(3)} By Lemma the monoid T(A) contains at most 5 elements: 1, ar, o7, ar o7 and a2. It remains to show
that they are really five different transformations on TO(T).

As n > 4, there exists at least one vertex ordering of 7" which is not in CS(T'): Indeed, any total ordering of
T which maps a leaf of T' to 1 and the adjacent vertex of that leaf to m will be such a candidate. According to
Lemma this means that none of the four maps ar, o1, ar or and a2T can be the identity map 1. To finish the
proof, we now intend to show that

HaT,UTaaTUTaa%}‘ =4 (9)

CASE 1. T is not a path.

We choose a leaf  and an inner vertex v of T. Consider the rooted tree T = (T, r) and take two different vertices
a1,az € Dr(v). We choose an f € TO(V(T)) such that f(r) = n and f(a2) < f(a1) < f(v). In view of Lemma [3.4]
we have ar(v) < ar(az) < ar(ar), or(ar) < or(az) < or(), aror(f)(v) < aror(f)(a) < aror(f)(az) and

a?(az) < a2(a1) < aZ(v), which leads to Eq. (9).

CASE 2. T is a path.

We take four vertices a, b, c,d of T such that ca,ab,bd € E(T) and degy(c) = 1. Pick f € TO(V(T)) which fulfils
f(a) = nand f(c) < f(b) < f(d). According to Lemma [3.4 we have ar(c) < ar(b) > ar(d), or(c) > or(b) <
or(d), aror(f)(c) > aror(f)(b) > aror(f)(d) and a?(c) < az(b) < a(d); see Fig. This gives Eq. @ again!

The claim will follow once we can draw the ensuing conclusion:

CS(T) C Fix(ex
CS(T) C Fix(o

) € Im(ay) C Per(A;) C Per(A) C Im(ay) UIm(or)
) CIm(or) C Per(Az) C Per(A) C Im(ar) UIm(or) C CS(T).

(10)

_N g

By symmetry, we only prove the first half of Eq. (10)). Lemma ensures the truth of CS(T") C Fix(a3) C Im(ar).
As seen in Lemma we have a3 = ar and so Im(ar) C Per(A;) is obtained. It is trivial that Per(A;) C Per(A) C
Im(ar) UIm(or). Finally, by Lemma [3.3] Im(ar) UIm(or) € CS(T'), which ends the proof.

A monad is just a homomorphism of a monoid to the full transformation monoid of a set. So, each length-k

simple cycle of the phase space of a monad can be lifted to a length-k simple cycle or a length-£ walk containing
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k + 1 different vertices in the Cayley digraph of the corresponding monoid. Taking into account, an examination
of Fig. [1] brings to us per(A;) Uper(As) C {1,2} and per(A) C {1,2,3,4}.

To conclude the proof, we need to find a contradiction under the assumption that 3 € per(A). Take a simple cycle
of length three in PS(A). By the pigeon-hole principle, two arcs of the cycle are assigned the same color C € {ar,o7}
and so we can assume that f, C(f) and C?(f) are the three distinct vertices on the simple cycle. But claims that
C?(f) = f, which violates our assumption.

@ This is a consequence of and Lemma

Assume that [f]r = [f']r. Lemma then gives [@X.(f)]7 = [@5(f)]r. But Lemma asserts that both
[k (f)]r and [@k(f')]r are consecutive vertex orderings of 7. Thus, Lemma shows that ok.(f) = a&(f').

The same reasoning leads to % (f) = ok (f).

For the reverse direction, let us just assume a%(f) = a%(f’) and aim to deduce [f]r = [f']r. Making use of
Lemma [3.4) repeatedly, we have [flr = -+ = [@3*(f)]r = [a3*(f)]r = [0 (f)]r = [0FF > (f)]r = - = [F]r, as
desired.

Note that all DF'S orderings of T" are Eulerian orderings and hence consecutive vertex orderings. Accordingly,
the result follows from Lemma, [3.61

[(9)] Let T = (T, f*(n)).

We first consider Fix(A;). By Lemma we know that ap(f) = f if and only if T is a star tree. Obviously,
the number of such kind of f € TO(V(T)) is (n — 1)! when T is a star and zero otherwise.

Then we consider Fix(A3). By Lemma or(f) = f if and only if T is a leafy binary tree, f € CS(T), and
[ is a balanced vertex ordering of T. Such an f exists if and only if max,ey(r) degs(v) < 3. We choose any of the m
leaves of T' to be f~!(n) and further suppose that T is a leafy binary tree. Thanks to Lemma what is left is
to count the number of local orders on this tree T such that its corresponding consecutive vertex ordering is balanced.
Notice that at each vertex the local order there can only have one or two possibilities and the possible local order is
unique if and only if that vertex is a leaf of T'. This means that the number of such local orders is 2”~™. Considering
the m choices of the root of T, we find | Fix(A3)| = m2"~™, as wanted.

Note that no rooted tree on at least four vertices can be both a star tree and a leafy binary tree. This gives

|Fix(A)| = | Fix(Ay)| + | Fix(A2)| and so we are done. O

References

[1] C. Brandl, H. U. Simon, Complexity analysis: transformation monoids of finite automata, in: Developments in Lan-
guage Theory, Vol. 9168 of Lecture Notes in Comput. Sci., Springer, Cham, 2015, pp. 143-154. doi:10.1007/
978-3-319-21500-6_11.

[2] J. Dénes, Some combinatorial properties of transformations and their connections with the theory of graphs, Journal of

Combinatorial Theory 9 (2) (1970) 108-116. doi:10.1016/S0021-9800(70)80017-5|

[3] B. Steinberg, Representation Theory of Finite Monoids, Universitext, Springer, Cham, 2016. doi:10.1007/
978-3-319-43932-7.

[4] Y. Wu, Z. Xu, Y. Zhu, An expansion property of Boolean linear maps, Electronic Journal of Linear Algebra 31 (2016)
381-407. |[doi:10.13001/1081-3810.3088.

15


http://dx.doi.org/10.1007/978-3-319-21500-6_11
http://dx.doi.org/10.1007/978-3-319-21500-6_11
http://dx.doi.org/10.1007/978-3-319-21500-6_11
http://dx.doi.org/10.1016/S0021-9800(70)80017-5
http://dx.doi.org/10.1007/978-3-319-43932-7
http://dx.doi.org/10.1007/978-3-319-43932-7
http://dx.doi.org/10.1007/978-3-319-43932-7
http://dx.doi.org/10.13001/1081-3810.3088

360

365

370

375

380

385

390

[5]

(10]

[11]

(16]

(17]

(18]

[20]

Y. Wu, Y. Zhu, [Lifespan in a strongly primitive Boolean linear dynamical system, Electronic Journal of Combinatorics

22 (4) (2015) #P4.36, 21 pp.

V. I. Arnold, The topology of algebra: Combinatorics of squaring, Functional Analysis and Its Applications 37 (2003)
177-190. doi:10.1023/A:1026080516131.

V. I. Arnold, Complexity of finite sequences of zeros and ones and geometry of finite spaces of functions, Functional

Analysis and Other Mathematics 1 (1) (2006) 1-15. |doi:10.1007/s11853-007-0001-0.

V. I. Arnold, Stochastic and deterministic statistics of orbits in chaotically looking dynamical systems, Transactions of the

Moscow Mathematical Society 70 (2009) 31-69. doi:10.1090/S0077-1554-09-00180-0.

A. Bjorner, Note: Random-to-front shuffles on trees, Electronic Communications in Probability 14 (2009) 36—41. doi:
10.1214/ECP.v14-1445,

B. Bond, L. Levine, Abelian networks I. Foundations and examples, SIAM Journal on Discrete Mathematics 30 (2) (2016)
856—874. |[doi:10.1137/15M1030984.

M. Denker, A. Rodrigues, Ergodicity of avalanche transformations, Dynamical Systems 29 (4) (2014) 517-536. |doi:
10.1080/14689367.2014.947244,

T. Kato, Interacting maps, symbolic dynamics and automorphisms in microscopic scale, International Journal of Pure and

Applied Mathematics 25 (3) (2005) 311-374.

N. P. Fogg, Substitutions in Dynamics, Arithmetics and Combinatorics, Vol. 1794 of Lecture Notes in Mathematics,
Springer-Verlag, Berlin, 2002. |doi:10.1007/b13861.

P. Cameron, A. Castillo-Ramirez, M. Gadouleau, J. Mitchell, Lengths of words in transformation semigroups generated

by digraphs, Journal of Algebraic Combinatorics 45 (1) (2017) 149-170. doi:10.1007/s10801-016-0703-9.

S. Dara, S. M. Hegde, V. Deva, S. B. Rao, T. Zaslavsky, The dynamics of the forest graph operator, Discussiones
Mathematicae Graph Theory 36 (4) (2016) 899-913. |doi:10.7151/dmgt.1901.

C. Defant, Binary codes and period-2 orbits of sequential dynamical systems, Discrete Mathematics & Theoretical Com-

puter Science 19 (3) (2017) Paper #10, 12 pp. |doi:10.23638/DMTCS-19-3-10.

S. Kozerenko, Markov graphs of one-dimensional dynamical systems and their discrete analogues, Romanian Journal of

Mathematics and Computer Science 6 (1) (2016) 16-24.

J. C. Lagarias (Ed.), The Ultimate Challenge: The 3z + 1 Problem, Providence, RI: American Mathematical Society
(AMS), 2010.

T. Roby, Dynamical algebraic combinatorics and the homomesy phenomenon, in: Recent Trends in Combinatorics, Vol.
159 of The IMA Volumes in Mathematics and its Applications, Springer, [Cham], 2016, pp. 619-652. doi:10.1007/
978-3-319-24298-9_25.

P. Charbit, M. Habib, L. Mouatadid, R. Naserasr, A new graph parameter to measure linearity, in: X. Gao, H. Du,
M. Han (Eds.), Combinatorial Optimization and Applications: 11th International Conference, COCOA 2017, Shanghai,
China, December 16-18, 2017, Proceedings, Part II, Springer International Publishing, Cham, 2017, pp. 154-168. |doi:
10.1007/978-3-319-71147-8_11.

16


http://www.combinatorics.org/ojs/index.php/eljc/article/view/v22i4p36
http://dx.doi.org/10.1023/A:1026080516131
http://dx.doi.org/10.1007/s11853-007-0001-0
http://dx.doi.org/10.1090/S0077-1554-09-00180-0
http://dx.doi.org/10.1214/ECP.v14-1445
http://dx.doi.org/10.1214/ECP.v14-1445
http://dx.doi.org/10.1214/ECP.v14-1445
http://dx.doi.org/10.1137/15M1030984
http://dx.doi.org/10.1080/14689367.2014.947244
http://dx.doi.org/10.1080/14689367.2014.947244
http://dx.doi.org/10.1080/14689367.2014.947244
https://ijpam.eu/contents/2005-25-3/3/index.html
http://dx.doi.org/10.1007/b13861
http://dx.doi.org/10.1007/s10801-016-0703-9
http://dx.doi.org/10.7151/dmgt.1901
http://dx.doi.org/10.23638/DMTCS-19-3-10
http://rjm-cs.ro/Kozerenko-2016.pdf
https://www.maa.org/press/maa-reviews/the-ultimate-challenge-the-3x1-problem
http://dx.doi.org/10.1007/978-3-319-24298-9_25
http://dx.doi.org/10.1007/978-3-319-24298-9_25
http://dx.doi.org/10.1007/978-3-319-24298-9_25
http://dx.doi.org/10.1007/978-3-319-71147-8_11
http://dx.doi.org/10.1007/978-3-319-71147-8_11
http://dx.doi.org/10.1007/978-3-319-71147-8_11

395

400

405

410

415

420

(21]

(22]

23]

24]

(25]

(28]

29]

(30]

(32]

33]

34]

(35]

(36]

(37]

D. G. Corneil, R. M. Krueger, A unified view of graph searching, STAM Journal on Discrete Mathematics 22 (4) (2008)
1259-1276. doi:10.1137/050623498.

D. Kim, Sorting on graphs by adjacent swaps using permutation groups, Computer Science Review 22 (2016) 89-105.
doi:10.1016/j.cosrev.2016.09.003.

P. Li, Y. Wu, A four-sweep LBFS recognition algorithm for interval graphs|, Discrete Mathematics & Theoretical Computer
Science 16 (3) (2014) 23-50.

C. Berge, Permutation Groups, in: Principles of Combinatorics, Vol. 72 of Mathematics in Science and Engineering,

Elsevier, 1971, Ch. 4, pp. 111-147. |doi:10.1016/S0076-5392(08)63001-5.

J. Dénes, The representation of a permutation as the product of a minimal number of transpositions, and its connection with
the theory of graphs, A Magyar Tudomdnyos Akadémia Matematikai Kutaté Intézetének Kézleményei (Communications

of the Mathematical Institute of the Hungarian Academy of Sciences) 4 (1959) 63-71.

Z. Chen, G. L. Mullen, Transpositions and representability, American Mathematical Monthly 112 (10) (2005) 913-919.
doi:10.2307/30037631.

M. Eden, M. P. Schiitzenberger, Remark on a theorem of Dénes, A Magyar Tudomdnyos Akadémia Matematikai Kutato
Intézetének Koézleményei 7 (1962) 353-355.

M. Farrell, L. Levine, Multi-Eulerian tours of directed graphs| Electronic Journal of Combinatorics 23 (2) (2016) #P2.21,

7 pp-

V. Makarenkov, B. Leclerc, Comparison of additive trees using circular orders, Journal of Computational Biology 7 (5)

(2000) 731-744. |doi:10.1089/106652701446170.

C. Semple, M. Steel, Cyclic permutations and evolutionary trees, Advances in Applied Mathematics 32 (4) (2004) 669-680.
doi:10.1016/50196-8858(03) 00098-8.

R. P. Stanley, Algebraic Combinatorics: Walks, Trees, Tableaux, and More, Undergraduate Texts in Mathematics, Springer,
New York, 2013. doi:10.1007/978-1-4614-6998-8.

P. Moszkowski, A solution to a problem of Dénes: a bijection between trees and factorizations of cyclic permutations,

European Journal of Combinatorics 10 (1) (1989) 13-16. doi:10.1016/50195-6698(89)80028-9.

M. Béna, Combinatorics of Permutations, 2nd Edition, Discrete Mathematics and its Applications (Boca Raton), CRC
Press, Boca Raton, FL, 2012, with a foreword by Richard Stanley. doi:10.1201/12210.

V. 1. Arnold, |[Permutations, Russian Mathematical Surveys 64 (4) (2009) 583-624.

S. Bhatia, A. Egri-Nagy, A. R. Francis, Algebraic double cut and join: a group-theoretic approach to the operator on
multichromosomal genomes, Journal of Mathematical Biology 71 (5) (2015) 1149-1178. doi:10.1007/s00285-014-0852-1,

O. Bernardi, A. H. Morales, Bijections and symmetries for the factorizations of the long cycle, Advances in Applied

Mathematics 50 (5) (2013) 702-722. doi:10.1016/j.aam.2013.01.004.

P. J. Cameron, M. Deza, P. Frankl, Intersection theorems in permutation groups, Combinatorica 8 (3) (1988) 249-260.
doi:10.1007/BF02126798.

17


http://dx.doi.org/10.1137/050623498
http://dx.doi.org/10.1016/j.cosrev.2016.09.003
https://dmtcs.episciences.org/2094
http://dx.doi.org/10.1016/S0076-5392(08)63001-5
http://dx.doi.org/10.2307/30037631
http://www.combinatorics.org/ojs/index.php/eljc/article/view/v23i2p21
http://dx.doi.org/10.1089/106652701446170
http://dx.doi.org/10.1016/S0196-8858(03)00098-8
http://dx.doi.org/10.1007/978-1-4614-6998-8
http://dx.doi.org/10.1016/S0195-6698(89)80028-9
http://dx.doi.org/10.1201/b12210
http://stacks.iop.org/0036-0279/64/i=4/a=R01
http://dx.doi.org/10.1007/s00285-014-0852-1
http://dx.doi.org/10.1016/j.aam.2013.01.004
http://dx.doi.org/10.1007/BF02126798

425

430

435

440

445

(38]

(39]

(40]

[41]

(49]

(50]

[51]

J. E. Elder, O. E. Vega, A note on the factorization of permutations into cycles, International Electronic Journal of Algebra

22 (2017) 125-132. |doi:10.24330/ieja.325937,
Etienne Ghys, |A Singular Mathematical Promenade, ENS Editions, Lyon, 2017.

M. J. Golin, S. Zaks, Labelled trees and pairs of input-output permutations in priority queues, Theoretical Computer

Science 205 (1) (1998) 99-114. doi:10.1016/50304-3975(97) 00037~ 6.

I. P. Goulden, D. M. Jackson, Transitive factorizations of permutations and geometry, in: The Mathematical Legacy of

Richard P. Stanley, Amer. Math. Soc., Providence, RI, 2016, pp. 189-201. |doi:10.1090/mbk/100.

T. Lévy, The number of prefixes of minimal factorisations of an n-cycle, Electronic Journal of Combinatorics 23 (3) (2016)

#P3.35, 16 pp.

S. Stahl, On the product of certain permutations, European Journal of Combinatorics 8 (1) (1987) 69-72. |doi:10.1016/
S50195-6698(87)80022-7.

S. Stahl, Wrappings of permutations, Transactions of the American Mathematical Society 300 (1) (1987) 133-152. doi:
10.2307/2000591.

C. Tretkoff, M. Tretkoff, On a theorem of Rimhak Ree about permutations, Journal of Combinatorial Theory. Series A
26 (1) (1979) 84-86. doi:10.1016/0097-3165(79)90056-6.

S. K. Lando, A. K. Zvonkin, Graphs on Surfaces and Their Applications, Vol. 141 of Encyclopaedia of Mathematical
Sciences, Springer-Verlag, Berlin, 2004, with an appendix by Don B. Zagier. doi:10.1007/978-3-540-38361-1.

P. J. Cameron, Homogeneous permutations, Electronic Journal of Combinatorics 9 (2) (2002/03) #R2, 9 pp.

N. Biggs, A. White, |Permutation Groups and Combinatorial Structures, Vol. 33 of London Mathematical Society Lecture
Note Series, Cambridge University Press, Cambridge-New York, 1979.

A. T. White, Graphs of Groups on Surfaces: Interactions and Models, Vol. 188 of North-Holland Mathematics Studies,
North-Holland Publishing Co., Amsterdam, 2001. |[doi:10.1016/S0304-0208(01)80069-4!

Y. Wu, Z. Xu, Lipschitz polytopes of tree metrics, submitted, 2017.

M. Dom, Algorithmic aspects of the consecutive-ones property, Bulletin of the European Association for Theoretical

Computer Science (98) (2009) 27-59.

18


http://dx.doi.org/10.24330/ieja.325937
http://perso.ens-lyon.fr/ghys/promenade/
http://dx.doi.org/10.1016/S0304-3975(97)00037-6
http://dx.doi.org/10.1090/mbk/100
http://www.combinatorics.org/ojs/index.php/eljc/article/view/v23i3p35
http://dx.doi.org/10.1016/S0195-6698(87)80022-7
http://dx.doi.org/10.1016/S0195-6698(87)80022-7
http://dx.doi.org/10.1016/S0195-6698(87)80022-7
http://dx.doi.org/10.2307/2000591
http://dx.doi.org/10.2307/2000591
http://dx.doi.org/10.2307/2000591
http://dx.doi.org/10.1016/0097-3165(79)90056-6
http://dx.doi.org/10.1007/978-3-540-38361-1
http://www.combinatorics.org/Volume_9/Abstracts/v9i2r2.html
https://projecteuclid.org/euclid.bams/1183548300
http://dx.doi.org/10.1016/S0304-0208(01)80069-4
http://math.sjtu.edu.cn/faculty/ykwu/data/Paper/lipschitz0422.pdf
http://eatcs.org/images/bulletin/beatcs98.pdf

	Transformation monoids and discrete dynamical systems
	Cyclic permutations and labelled trees
	Proofs

